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1. Statistical Learning in Latent
Data Models



Supervised Learning

e Given input-output pair of random variables (X, Y) taking values in
arbitrary input set X C RP and arbitrary output set Y C R? from
unknown distribution P.

e Modeling phase: Mg : X — Y of parameter @ € RY, called the
predictor.

e Performance measured using a loss function £ : Y XY — R where
L(y,y') is the loss incurred when the true output is y whereas y’ is

predicted.
e Training phase boils down to computing the following quantity:
arg min £(0) = arg mln {£(6) +R(6)} (1)
OcRrd

L(0) = E(xpyop Uy, Mg(x))] or L(6) = n! Zg(y,', Me(xi))
(2)



Nonconvex Optimization

L(6)
L:R*—>R C C R
Convex function Convex set
FGw, + (1= Dws) < A7) + (1= D), s SCAn A 0
0<i<1 A=l =
o
‘\\\\\ \\,’J‘ 9
- VL(6) =0
e Usually simple (convex) models (SVM, ---) and optimization in

O(n?) or O(n3).

e Explosion of data: Go back to simpler methods in at most O(n)
but with more sophisticated (nonconvex) models.

e Convex: use |£(8) — £(6")| (or ||@ — 6" %) as stability condition,
0" is the optimal solution efficiently found.

e Nonconvex: use |[VL(8)||°, as advocated in (Nesterov, 2004;
Ghadimi and Lan, 2013).

e 0" is said to be e-stationary if |[VL(6%)||> < e. A stochastic
algorithm achieves e-stationarity in [ > 0 iterations if

E[ch(0<R))H2] <e.



Latent Data Models

e Models where the input-output relationship is not completely
characterized by the observed (x,y) € X x Y pairs in the training set

e Dependence on a set of unobserved latent variables z € Z C R™.

e Mandatory: Simulation step to complete the observed data with
realizations of the latent variables.

e Formally, this specificity in our setting implies extending the loss
function ¢ to accept a third argument as follows:

£y Mo(x)) = [ £(z.y. Mo(x))d . 3)

z



Some Examples of Latent Data Models

e Include the incomplete data framework, i.e., some observations are
missing, but are far broader than that: for example, the latent
structure could stem from the unknown labels in mixture models or
hidden states in Hidden Markov Models.

e Missing Data: y stands for the observed data and the latent
variables z are the missing data.

e Mixed Effects Models: the latent variables z are the random
effects and identifying the structure of the latent data mainly
corresponds to the inter-individual variability among the individuals
of the dataset.

e Mixture Models: the latent variables correspond to the unknown
mixture labels taking values in a discret finite set.



Quick Overview

e [-Smoothness: A function f : R? — R is L-smooth if and only if it
is differentiable and its gradient is L-Lipschitz-continuous, i.e., for all
(0,9) € R? x RY;

IVE(0) = VE@)I < LI|0 =2 . (4)
e We will deal with constrained (arg ming g £(8)) and unconstrained
problems.
Algorithm Gradient Non-gradient MC  Step.
SGD 0O(1/£?) (Ghadimi and Lan, 2013) ? X Vi
GD O(n/e) (Nesterov, 2004) ? x ¥
SVRG/SAGA  O(n*/3/e) (Reddi et al., 2016) O(n?/3/e) (Karimi et al., 2019c) X Vi
MISO O(n/e) (Karimi et al., 2019b) O(n/e) (Karimi et al., 2019b) x —
MISSO O(n/e) (Karimi et al., 2019b) O(n/e) (Karimi et al., 2019b) v —
Biased SA  O(co + ) (Karimi et al.,, 20192)  O(co + W) (Karimi et al., 20192) v %

Table 1: ERM methods: Table comparing the complexity, measured in terms
of iterations, of different algorithms for non-convex optimization. MC stands
for Monte Carlo integration of the drift term and Step. for stepsize.



2. Nonconvex Risk Minimization



2. Nonconvex Risk Minimization

2.1 Incremental Method for
Non-smooth Nonconvex Objective:
with Application to Bayesian Deep
Learning



Large-scale machine learning

Constrained Minimization of large sum of functions
We are interested in the minimization of a large finite-sum of functions:

min L(0 Zﬁ (9), (5)

6co

where © is a convex, compact, and closed subset of R, and for any
i € [1,n], the function £; : R? — R is bounded from below and is

(possibly) nonconvex and non-smooth.
Some examples Given data points (x;, i € [1, n]) and observations
(yiri € [1,n])
e Maximum likelihood estimation: £(8) £ — SV _ log pi(y;, 0)
e Variational inference: £(0) £ vazl KL ( gi(w; 0)|| pi(wlyi, xi))
e Logistic regression: £(0) £ Z,N:l log(1 + e ¥i<0>)



Majorization-Minimization principle

L(6;0%)

A

Figure 1: Majorization-Minimization principle

e lteratively minimize locally tight upper bounds on the objective

e Drives the objective function downards

e Examples: the proximal gradient algorithm (Beck and Teboulle,
2009), the EM algorithm (McLachlan and Krishnan, 2007a) and
variational inference (Wainwright and Jordan, 2008).



Notations and Assumptions

e Constrained optimization: © convex subset of RP.
e Forall i € [1,n], £; is continuously differentiable on ©.
e Forall i € [1,n], £; is bounded from below, i.e. there exist a
constant M; € R such as for all @ € ©, L£;(0) > M,.
o fig : RP — R is a surrogate of L; at 8 if the following properties are
satisfied:
1. the function ¥ — £;(6; 1) is continuously differentiable on ©
2. forall ¥ € ©, £;(0;9) > Li(9) , Li(9;0) = Li(6) and
vawwﬂ ezvawﬂ

o= 9=6
~(k Lo . . .
e A sequence (0( ))kZO satisfies the asymptotic stationary point
condition if

vzwwnef9m>
- > 0. (6)
2

liminf inf
k—o00 €O ”0 _ é



Incremental Surrogate Minimization

The incremental scheme of (Mairal, 2015) computes surrogate functions,
at each iteration of the algorithm, for a mini-batch of components:

Algorithm 1 MISO algorithm

I . L . ~(0 .
Initialization: given an initial parameter estimate o' ), for all i € [1,n]
~(0
©.9).

0

Iteration k: given the current estimate 0 k:

compute a surrogate function 9 — L; (

1. Pick ik uniformly from [1, n].
2. Update A¥*1(0) as:
Ao aky
A,.k“(e) _ L£i(6;0°7), ifi=i
Ak(8), otherwise.

3. Set 8 Eargmlngee L~ ATHe).

10



Intractable surrogate functions

In many cases of interest those surrogates are intractable.

Denote by z = (z; € Z,i € [1, n]) where Z is a subset of R™ as set
of latent variables.

For all i € [1,n], let p1; be a o-finite measure on the Borel o-algebra
Z = B(2).

P; = {pi(z,0);0 € ©} be a family of probability densities with
respect to p;, and rj g : Z x © — R be functions such that:

~ —

Li(6;0) = /z ri(0;0,z)pi(zi;0)pi(dz) YV (0,0)c©x0O. (7)

The surrogate function denoted EA,-(O; ) is fully defined by the pair
(r;(0; 0, Z,‘), p,'(Z,'7 9))

11



Examples of intractable surrogates

Incremental EM algorithm

e In the missing data context, let ¢;(z;, 0) be the joint likelihood of
the observations and the latent data referred to as the complete
likelihood.

e gi(60) £ [, ci(z,0)ui(z) is the likelihood of the observations (in
which the latent variables are marginalized).

The incremental EM algorithm falls into the incremental MM framework:

e For i € [1,n] and @ € © the loss function £;(8) = — log g/(0)
e for ¥ € © the surrogate function £;(0; ), introduced in the
pioneering paper (Neal and Hinton, 1998a), is defined by

Li(0:0) 2 / log ng; pilzi O)pui(zr) = KL (pi(21.0) || pi(zr, 9))+0:(0)
(8)

In most cases, this surrogate is intractable.

12



Examples of intractable surrogates

Variational Inference Let x = (x;,i € [1,n]) and y = (y;,i € [1, n]) be
i.i.d. input-output pairs and w be a global latent variable taking values in
W a subset of R”.

A natural decomposition of the joint distribution is:

py, wix) = m(w) [Ty p(yilxi, w) - (9)

The variational inference problem boils down to minimizing the following
KL divergence:

min £(8) == KL (q(w: ) [| p(wly, x))

(10)
= Eq(wio) [ log (a(w; 8)/p(wly,x))] -
Using (9), we decompose £(0) = n=1 Y7 | £;(6) + const. where:
L£i(6) :=— Eq(w) [ log p(yilxi, W)]
(11)

+ %Eq(w;g) [ log g(w; e)/ﬂ'(W)] =r(0)+R(0) .
13



Examples of intractable surrogates

Variational Inference

e Gradient VL;(0): re-parametrization technique, see (Paisley et al.,
2012; Kingma and Welling, 2014; Blundell et al., 2015).

e Let t:RY x © — RY be a differentiable function w.r.t. 8 € © s..
w = t(z,80), where z ~ Ny(0,1), is distributed according to q(-,8).

e By (Blundell et al., 2015, Proposition 1), the gradient of —r;(-) in
(11) is:

VoEq(W;a)UOg p(yilxi, w)| = E,on0.) [ J6(2,0) V. log p(yilxi, W)|W=t(z,§)] :

e For most cases, the term V R(8) can be evaluated in closed form.
1i(6:9,2) := <V9d(9) — J5(2,8)V . log plyilxi, W),y 510~ )
Lip_pI2
+ 2||0 0| .

14



Intractable surrogate functions

In many cases of interest those surrogates are intractable.

Denote by z = (z; € Z,i € [1, n]) where Z is a subset of R™ as set
of latent variables.

For all i € [1,n], let p1; be a o-finite measure on the Borel o-algebra
Z = B(2).

P; = {pi(z,0);0 € ©} be a family of probability densities with
respect to p;, and rj g : Z x © — R be functions such that:

Li(6;0) = /Zr,-(O;E, z)pi(zi; O)ui(dz) V(0,0)c©x 0. (12)

The surrogate function denoted EA,-(O; ) is fully defined by the pair
(r;(0; 0, Z,‘), p,'(Z,'7 9))

15



Proposed Method: MISSO

Minimization by Incremental Stochastic Surrogate Optimization (MISSO)
method: expectation approximated by Monte Carlo integration.

Denote by M € N the Monte Carlo batch size and let z,, € Z,
m=1,...,M be a set of samples. These samples can be drawn (Case 1)
i.i.d. from the distribution p;(+; @) or (Case 2) from a Markov chain with
the stationary distribution p;(+; 8).

We define
o 1M
L£i(6:0,{z,}M )= = Z ri(0; 9, z) (13)
m:l

16



MISSO Algorithm

Algorithm 2 MISSO algorithm

Initialization: 9(0); a sequence of non-negative numbers { M},
For all i € [1,n], draw My samples from p;(-;é(o)) and A°%(9) =
£8:0”. (2 1,14).

m=1
Iteration k: glven the current estimate 0

1. Pick a function index i, uniformly on [[1, n].
2. Draw M,y Monte-Carlo samples from p,-(~;9(k)).

3. Update the individual surrogate functions recursively as:

A(K) M e
Akarl(a) — C (0 0 { )}m( )1) if i = Ik

i (14)
Ak(9), otherwise.

4. Set 8"V € argming o L6HD(0) = 1 S0 A4L(B).

17



Convergence analysis: Assumptions

(S1) For all i € [1,n] and @ € ©, the function L;(8;8) is convex
w.r.t. 8, and it holds

L£:(6;8) > Li(6), VOcO, (15)

where the equality holds when 8 = 6.

(S2) For any 6; € ©, i € [1, n] and some € > 0, the difference function
é(6;{0,}_,) == 127 | £i(9;8,) — L(6) is defined for all 8 € O, and
differentiable for all @ € ©, where ©. = {0 € R infg/co |0 — O0'|| < ¢}
is an e-neighborhood set of ©. Moreover, for some constant L, the

gradient satisfies

IVe(®: {8;}1,)|* < 2L&(6: {6:}1,), VO €O. (16)

18



Convergence analysis: Assumptions

(H1) For all i € [1,n]), @ € ©, z € Z, the measurable function
ri(6; 0, z;) is convex in 8 and is lower bounded.

(H2) For the samples {z;  }M_;, there exists finite constants C, and Cg,
such that

C, = sup sup — sup

0
6co M>0 v M |ﬂ€@

r—’H

g

M %
I

(06,2 ) — 22(0;0)}‘1 (17)

(0,0 —0:0) — /(0,0 — 6.0,z ,)
16— 0|

Cgr == sup sup VMEg
fco M>0

M

sup
6co

2]
(18)
for all i € [1, n], and we denoted by Eg[-] the expectation w.r.t. a

Markov chain {z; »}™_, with initial distribution &(-; @), transition kernel
P, ., and stationary distribution p;(- :9).

l7

19



Constrained Optimization

As problem (5) is a constrained optimization, we consider the following
stationarity measure:

. [/(8,6-70) _ _ _
0 = nf —_—— and 0 = 0 — 8_ 0 5 ].9
80) = ot~ 151 £®) -0 -£0), (19
where g, (0) := max{0,g(0)}, g_(0) := — min{0, g(0)} denote the
positive and negative part of g(8), respectively. Note that 8 is a

stationary point if and only if g_(8) = 0 (Fletcher et al., 2002).
~(k _
Furthermore, suppose that the sequence {6" "}«>o has a limit point 0

Ak
that is a stationary point, then one has limy_,. g- (6" ") = 0.

20



Non-asymptotic analysis

Theorem 1

Under (S1), (S2), (H1), (H2). For any Kmax € N, let K be an
independent discrete r.v. drawn uniformly from {0, ..., Knax — 1} and
define the following quantity:

<0y, A0 fet 4L
Ak, = 20LE[LOB)— Lo (")) > =, (20)
Mk
k=0 (k)
Then we have following non-asymptotic bounds:
N A
E[||ver@" ) p) < S (21)
Kmax
o Ak K
Elg_ (0")] < | Sns) Z M2 (22)

- Kmax max

21



Non-asymptotic analysis

Kmax—1

max

Rl ~(0) K A (Kmax) 4'LCr
D (k) = 2nLE[LO(O LU= (f +
() 1= 20LEIEVO) = @ S
Then we have following non-asymptotic bounds:
N A
E[|ve®(6")?) < —;{M (24)

(K) A Kmax —1
o Kmax
Elg-(07)] </ = + 5 2 M 2 (25)

o Ak, is finite for any Knax € N

e MISO method can be analyzed as a special case of the MISSO
method satisfying C; = G =0

e Then, Eq. (24) gives a non-asymptotic rate of

E[g%] < O(\/nL/Kmnax)-

22



Asymptotic analysis

Under an additional assumption on the sequence of batch size My:

Theorem 2

Under (S1), (S2), (HI), (H2). In addition, assume that { M} k>0
is a non-decreasing sequence of integers which satisfies

Yoo M(;;p < 0o. Then:

1. the negative part of the stationarity measure converges almost

A (k
surely to zero, i.e., limy_ o g_(B( )) =0 as.

A (k
2. the objective value E(O( )) converges almost surely to a finite

number L, i.e., limg_ oo E(é(k)) =L as..

_ A (k
In particular, the first result above shows that the sequence {0( )}kzo
produced by the MISSO method satisfies an asymptotic stationary point
condition.

23



Bayesian LeNet-5 on MNIST

layer type width stride padding  input shape  nonlinearity
convolution (5 X 5) 6 1 0 1x32x32 ReLU
max-pooling (2 x 2) 2 0 6 x 28 x 28

convolution (5 X 5) 6 1 0 1x14x14 ReLU
max-pooling (2 x 2) 2 0 16 x 10 x 10
fully-connected 120 400 ReLU
fully-connected 84 120 ReLU
fully-connected 10 84

Table 1: LeNet-5 architecture

e N = 60000 handwritten digits, 28 x 28 images, d = 784
e p(w) =N(0,1), p(yi|xi, w) = Softmax(f(x;, w)) where f is a NN.

e Variational distribution for layer j: g(wy,6;) is a Gaussian
distribution A (pg, 021)



Bayesian LeNet-5 on MNIST
Updates:

ZAR WULEE W IR WELEE

o, )
i=1 i=1

(26)
(k—1) A(k— 1)

Ak) 4 S,
where 4, ; =9, ; and 6 6 for i # i, and:

() 1 My

A(k—1)
My,.k:_izv log p(yi, |xi, )‘ (8 Z(k))+vw RO ),
m=1 em
") 1 (k—1)
() ) » (ke
bos = gy = 249V, log p(yi | W)‘W:t(é(kfl),zw) +V, RO

with R(8) = ™1 300, (—log(0) + (0 + 112)/2 — 1/2).

25



Bayesian LeNet-5 on MNIST

MC-ADAM — BBB — MC-SAG
'—— MC-Momentum —— MISSO

100

Epoch

Figure 2: (Incremental Variational Inference) Negated ELBO versus epochs
elapsed for fitting the Bayesian LeNet-5 on MNIST using different algorithms.
The solid curve is obtained from averaging over 5 independent runs of the
methods, and the shaded area represents the standard deviation.

26



2. Nonconvex Risk Minimization

2.2 Online Optimization of Nonconvex
Expected Risk: with Applications to
Online and Reinforcement Learning



Stochastic Approximation (SA) Scheme

Consider a smooth Lyapunov function V : R — R U {co} (possibly
nonconvex) that we wish to find its stationary point.

SA scheme (Robbins and Monro, 1951) is a stochastic process:

Nny1 =M — ’YIH—IH ,,(Xn+1)7 neN

where n,, € H C RY is the nth state, ¥n > 0 is the step size.

The drift term Hy, (X,11) depends on an i.i.d. random element
Xnpt1 and the mean-field satisfies

h(nn) = E[Hn,,(xn+1)|]:n] = Vv(nn),

where F,, is the filtration generated by {ng, {Xm}m<n}-
In this case, the SA scheme is better known as the SGD method.

27



Biased SA Scheme

In this work, we relax a few restrictions of the classical SA. Consider:

MNny1 = Mn — IYIH»IH n(Xn+1)7 neN. (27)

e The mean field h(n) # VV(n)

= relevant to non-gradient method where the gradient is hard to
compute, e.g., online EM.

e {X,}n>1 is not i.i.d. and form a state-dependent Markov chain

= relevant to SGD with non-iid noise and policy gradient. E.g., n,
controls the policy in a Markov decision process, and the gradient
estimate H,, (x) is computed from the intermediate reward.

28



Biased SA Scheme

In this work, we relax a few restrictions of the classical SA. Consider:
Npp1 = Mo — Vn+1Hy, (Xn1), neN. (27)
e The mean field h(n) # VV/(n) but satisfies for some ¢y > 0, ¢; > 0,
co + e (VV(n)| h(n)) = [lh(n)]®
o {X,}n>1 is not i.i.d. and form a state-dependent Markov chain:
E[Hn, (Xa+1)|Fal = Py Hn, (Xa) = [ Hn, (x)Py (Xn, dx),

where P, : X x X — Ry is Markov kernel with a unique stationary
dlstrlbutlon T, and the mean field h(n f H 7r,7 (dx).

28



Prior Work & Biased SA Scheme

We consider two cases depending on the noise sequence
€nt1 = Hn,,(Xn+1) - h(nn)
Case 1: When {e,},>1 is Martingale difference —

]E[e,,+1|]-',,] =0 and other conditions...

e Asymptotic Analysis: with smooth h(-) (Robbins and Monro, 1951),
(Benveniste et al., 1990), (Borkar, 2009).

e Non-asymptotic Analysis: focus on h(n) = VV(n),
e Convex case: rate of O(1/n) in (Moulines and Bach, 2011), biased
SA also studied in TD learning (Dalal et al., 2018).
e Nonconvex case: (Ghadimi and Lan, 2013), (Bottou et al., 2018)
studied convergence with martingale noise.

29



Prior Work & Biased SA Scheme

We consider two cases depending on the noise sequence

€nt1 = H”],,(Xn+1) - h(nn)
Case 2: When {e,},>1 is state-controlled Markov noise —
Elen1]|Fn] = Py, Hy,(Xa) — h(n,) # 0 and other conditions....

e Asymptotic Analysis: studied with h(n) = VV/(n) in (Kushner and
Yin, 2003), similar biased SA setting in (Tadi¢ and Doucet, 2017).
e Non-asymptotic Analysis: not many work here...
e Sun et al. (2018) and Duchi et al. (2012) assumed h(n) = VV(n) &
state-independent Markov chain.

e Bhandari et al. (2018) studied a similar setting but focuses on linear
SA with convex Lyapunov function.

30



Our Contributions

First non-asymptotic analysis of biased SA scheme under the relaxed
settings for nonconvex Lyapunov function.

For both cases, with N being a r.v. drawn from {1, ..., n}, we show

Ii%n)

where ¢ is the bias of the mean field. If unbiased, then we find a

(| ()] = O (o +

stationary point.
Analysis of two stochastic algorithms:
e Online expectation maximization in (Cappé and Moulines, 2009)

e Online policy gradient for infinite horizon reward maximization
(Baxter and Bartlett, 2001).

We provide the first non-asymptotic rates for the above algorithms.

31



General Assumptions

(A1) For all n € H, there exists ¢y > 0, ¢; > 0 such that

o+ (VV(n) [ h(n)) = |h(n)|?
(A2) For all n € H, there exists dy > 0, d; > 0 such that
do + cu[[h(n)]| = [IVV(n)]]
(A3) Lyapunov function V is L-smooth. For all (n,7n') € H?,
IVV(n) = VV(@)| < Lin—'ll

e (Al), (A2) assume that the mean field h(n) is indirectly related to
the gradient of a Lyapunov function V(n) (h(n) # VV(n)).

e If cg = dy =0, then the SA scheme is un-biased.

e (A3) is the standard smoothness assumption.

32



Stopping Criterion

e We adopt a stopping rule similar to (Ghadimi and Lan, 2013) that is
typical for nonconvex problems.

e Fixany n>1and let N € {0,...,n} be a discrete random variable
(independent of {F,, n € N}) with

PIN=20)= (37, 7k+1)7176+1 ) (28)

where N serves as the terminating iteration for (27).

e Throughout this talk, we assume N is distributed as (28) and study
the estimator ny.

33



Case 1: Martingale Difference Noise

(A4) {e,}n>1 is a Martingale difference sequence such that

E [ens1| ol = 0. E [|lens|?| 7] < 03 + 02 [h(n,)|P for any n € N.

Theorem 3

Let Al, A3 and A4 hold and 11 < (2c1L(1 + %))~ for all n > 0.
Let Vo, :=E[V(ng) — V(1,,1)], we have

21 (Von+ 08LY j_oV2r1)
D ko k1

E[[lh(nn)%] < +2a,

If we set vx = (2c1L(1 + 02)vV'k) ™1, then the SA scheme (27) finds an
O(co + log n/+/n) quasi-stationary point within n iterations.

34



Case 1: Martingale Difference Noise

(A4) {e,}n>1 is a Martingale difference sequence such that
E[ens | Fi] = 0, E [[lens|2] 5] < 03 +o?|h(n,)| for any n € N.

= can be satisfied when X, is i.i.d. similar to the SGD setting.

Theorem 3

Let A1, A3 and A4 hold and v,41 < (2c1L(1 + 02))~1 for all n > 0.
Let Vo,n == E[V(ng) — V(0,41)], we have

2¢ ( Von +03L Y 0o 'VI%+1)

E[llh(nn)]*] < S oYkt

+2C07

If we set % = (2¢c1L(1 + 02)v'k) !, then the SA scheme (27) finds an
O(c¢o + log n/+/n) quasi-stationary point within n iterations.

= if h(n) = VV(n) it recovers (Ghadimi and Lan, 2013, Theorem 2.1).
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Case 2: State-dependent Markov Noise

In this case, {€,}n>1 is not a Martingale sequence. Instead,

(A5) There exists a Borel measurable function H : H x X — H,

Fr(x) = Py Flin(x) = Hy(x) — h(n), ¥ m € H,x € X.
(A6) For all n € H and x € X, [|Ay(x)[| < LS, [P, An(x)]| < L), and
A 2 1
supsex || Py Ain (%) = Py By ()| < LI = '], ¥ (m,m') € M2,
(A7) It holds that sup, c3; vex |Hn(x) — h(n)| < 0.

e (AD) refers to the existence of solution to Poisson equation.

e (A6) requires smoothness of H,(x) < satisfied if the P, Hy(X)
are smooth w.r.t. n + the Markov chain is geometrically ergodic.

e Remark: (AT) requires the update is uniformly bounded for all
x € X. In fact, (A5)—(A7) can not imply (A4), nor vice versa.
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Case 2: State-dependent Markov Noise

Theorem 4

Let A1I-A3, A5-A7 hold. Suppose that the step sizes satisfy

-1
Vi1 < Y Yo < @Ynt1, Yo=Y < 75, 1 < 05(a(l+GC))
fora,a’ >0 and all n> 0. Let Vp , :=E[V(ng) — V(1n,:1)].

2¢1(Von+ Con+ (2L + C) Yio V1)

E[h(ny)IIP] < D ke Y41

+2CO7

o Chi= (LY)(do+ L(a+1)+adio) + L (L+ di{1+a})).
o C, =1 (do+ door + cho) + LLY (1 + o).

—
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Case 2: State-dependent Markov Noise

Theorem 4

Let A1I-A3, A5-A7 hold. Suppose that the step sizes satisfy

Vo1 < Vm Vo < ity Yo — Y1 < 372 11 < 05(c(L+Cr))
fora,a’ >0 and all n > 0. Let Vg, :=E[V(ng) — V(N,y1)].

2c1 (Voo + Gon + (0L + C) Xp 072 41)

+ 2CO )
ZLO Vk+1

Elh(ny)|?] <

o If v = (2c1L(1 + Cp)V'k) 7L, then E[h(ny)|I?] = O(co + log n/\/n)
as in our case 1 with Martingale noise.

e Key idea to the proof is to use the Poisson equation assumption
(A5) [see Lemma 3], which is new to the SA analysis.
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Latent Data Model

e Goal: Consider a stream of i.i.d. observations {Y;},>1, Y, ~ 7 and
fit a parametric family {g(y;0) : @ € ©} with § € © C RY.

e Augment Y with latent variable Z = complete data: X = (Y, 2).

e Exponential Family Distribution: the complete data distribution:
f(x;0) = h(x)exp ((5(x) [ #(0)) — ¥(8)) ,

where S : X — S is the sufficient statistics and S C R™. We have
g(y:0) = [, f(x;0)u(dz).
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Two Important Operations

e Expectation: Given 8 € © and an observation y, the conditional
expected sufficient statistics is

5(y:0) =Eo [S(X)|Y = y]

e Maximization: Given a sufficient statistics s € S, we can estimate
6 by maximizing the regularized log-likelihood

0(s) == argmax { (s|¢(6)) —v(0) — R(9)}

6co

where R(0) is a (strongly convex) regularization function.
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Regularized Online EM (ro-EM)

o As {Y,}n>1 arrive in a streaming fashion, the ro-EM method
(modified from (Cappé and Moulines, 2009)) does:

E-step: 8,11 =8, + Ynq1 {§( Yot1; én) - gn}a
M'Step: én-&—l = §(§n+1)'

e Let us interpret E-step as an SA update (27) with drift term
Hs,(Yn+1) = 80 — 5(Yn41;0(30)) .

whose mean field is given by h(8,) = 8, — E, [$(Yat1; 0(54))]
e What should be the Lyapunov function? We use the KL divergence

_ n(Y) -
V(s) = E, | log g(y;a(s))] +R(8(s)).
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Special Case: Gaussian Mixture Model

Goal: fit {Y,},>1 in an GMM with 8 = ({wm}M=} {mtM_;). Consider:

g(y;9)o<(1—Mz:1wm)exp< (v = pm)” MM ) Z“’ exp( 67 2M,n) >7

m=1

and the regularizer (with € > 0)

R(O) = e M {12,/2 — log(wm)} —elog (1 = XML wn) .
Consider the assumption:

e (A9) The samples Y,, are i.i.d. and |Y,| < Y for any n > 0.

e It can be verified that if (A9) holds, then (A1), (A3), (A4) are
satisfied [cf. Proposition 3, 4].
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Convergence Analysis

Corollary 1

Under A9 and set vy, = (2c1L(1 + 02)vV'k)™L. The ro-EM method
for GMM finds sy such that

E[|VV(5n)I’] = O(log n/v/n)

The expectation is taken w.r.t. N and the observation law .

e First explicit non-asymptotic rate given for online EM method.

e Note that rigorous convergence proof for global convergence of
(online) EM methods are rare.
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Policy Gradient: Markov Decision Process

o Consider a Markov Decision Process (MDP) (S, A, R, P):

e S is a finite set of spaces (state-space)

e A is a finite set of action (action-space)

e R:S X A — [0,Rma] is a reward function

e P is the transition model, i.e., given an action a € A, P? = {PZ ,} is
a matrix, P . is the probability of transiting from the sth state to
the s’th state upon taking action a.

o {(S¢,A¢)}e>1 forms a Markov chain with the transition probability
from (s, a) to (s,a') as:

Qn((s, )i (s', @) := M (a'; ") P

e The parameter 1 controls the conditional probability of taking
action &’ given the state s’.
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Policy Optimization Problem

e Goal: Find a policy 7 to maximize the average reward:

J(n) = ZseS,aGA v(s,a)R(s, a) .

where v(s, a) is the invariant distribution of {(S¢, A¢)}e>1.

e What is the gradient of J(n) w.r.t. n?

V(1) = lim7 00 En [R(ST, A7) 315" Viog My (A7—i; ST-1)].

e REINFORCE algorithm (Williams, 1992) uses the sample average
approximation. Let M > 1, T > 1,

V() = (1/M) Sy {R(SFAR) X" Vieg My(AF_;; ST7_))}

where (S, A7, ..., ST, A7) ~ I, are drawn from a roll-out for
each m = needs many samples and m) to be static.
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Policy Optimization Problem

e Goal: Find a policy  to maximize the average reward:

J(n) = ZseS,aEA v(s,a)R(s, a) .

where v(s, a) is the invariant distribution of {(S¢, A¢)}e>1.

e What is the gradient of J(n) w.r.t. n?
VJ(1) = lim7 00 En [R(ST, A7) 315" Viog My (AT—i; ST—i)].
o We use a biased estimate of VJ(n). Let A € [0,1) and T > 1, we
have (Baxter and Bartlett, 2001)

T-1

VJ(n) = Vr(n) =R(St,Ar) Y N VliogMy(Ar_;; St—i),
i=0

where (S1, A1, ...,57,A7) ~ M.
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Online Policy Gradient (PG)

e We update the policy on-the-fly with an online policy gradient
update (Baxter and Bartlett, 2001; Tadi¢ and Doucet, 2017):

G,-,+]_ = )\Gn +V IOg I—l,,n (A,—,+]_; S,1+1) s (293)
Mpt1 = Mn + Vnr1Gnp1 R(Sns1, Ant1) - (29b)

e We can interpret (29b) as an SA step with the drift term:
Hnn(Xn+1) = Gn+1 R(S,,+1,A,,+1)

e Let the joint state be X, = (S, An, G,) €S x A x RY. We observe
that {X,},>1 also forms a Markov chain. In particular,

h(n) = lim E__n s .a [Vrdm)].

T—oo
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Convergence Analysis

e Focus on an exponential family policy (or soft-max):

Mn(ais) = { X caexp ((n]x(s,a) — x(s,2)) ) }

e (A10) For any s € S, we have ||x(s, a)| < b.

e (Al1) For any n € H, {5, At}¢>1 is geometrically ergodic with
1Q) — 1(vy) || < p"Kg. The invariant distribution vy, and its
Jacobian Ji} (n) are Lipschitz continuous

-1

[vn — vl < Lollm—2'll, 195, () =I5, ()]l < Lolln —n'.

e Under (A10), (A11), the function J(7) is Rmax |S||A|-smooth,
(1= )% +2(VJ(n) | h(n)) = |h(n)]%,

where I 1= 2b Rpax KRﬁ. Other required assumptions are

satisfied too [cf. Proposition 5-7].
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Convergence Analysis (cont’d)

Corollary 2

Under A10, A11 and set vy, = (2c1L(1 + Cy)Vk) L. For any n € N,
the policy gradient algorithm (29) finds a policy that

E[IVJm)I2] = 0((1 = APr2+ c(\)log n/v/n),  (30)

where c(\) = O(1%5). Expectation is taken w.r.t. N and (An, S,).

e It shows the first convergence rate for the online PG method.
e Our result shows the variance-bias trade-off with A € (0,1).

e While setting A — 1 reduces the bias, but it decreases the
convergence rate with c(\).
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Sketches of Proofs

To simplify the notations next, we assume that ¢g = 0,¢; = 1 and apply
the following bound

Lemma 1. Let Al, A3 hold. With appropriate step size, it holds:

> ico(virn/2)I1A(n, ) II?
< V() = V(1) + L3 il = 05w (VV (M) L) -

e Case 1: {e,},>1 is Martingale = E[(VV(n,,1) | ex) |Fx] =0,
taking the total expectation on both sides of the lemma suffices.

e Case 2: {e,},>1 isn't Martingale => E[(V V(1) | ex) |Fx] # 0.

o In the latter case, we control the sum E[3 773 v (VV/(17,.1) | )]

using the Poisson’s equation.
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Consider the following bound

Lemma 2. Let A1-A3, A5-A7 hold. With appropriate step size, it holds:

E[— >0+ (VV(n,)|ex1)]
< G Y ho Ve EBlAm)IIPT+ G Yoo Vst + Con,

e Proof Idea: note that e, 1 = Hy, (Xkt1) — h(ny), using (A5), we
have the decomposition

> k=0 <VV("Ik) | Ay (Xicr1) = Pry, F”nk(Xk+1)> =A1+ A+ A3+ A+ As
AL =Sy (FV0) | n, (Xei1) = Py, Fln, (X))
Az =51 (V V) | Py, i (X) = Pry, Pl (X0))
Ay = 20y (TVm) = YV 1) | Py, e, (X0))
As =01 (VY0 | Py, Fln (X6

As = 41 (VV(10) | Fing(X1) ) = a1 (Y V(1) | Py i, (Xo1) )
e We can bound A; by observing that the inner product is a
Martingale, bound A, using (A6), (A7), etc..
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3. Fast Maximum Likehood
Estimation



3. Fast Maximum Likehood
Estimation

3.1 Fast Incremental EM Methods:
with Applications to Mixture and Topic
Modeling



Settings and Notations

e Many problems in machine learning pertain to tackling an empirical
risk minimization of the form

min Z(6) := R(6)+£(6) with £(6 Zc i;{—logg(y,-;em
(31)

e {y;}7_, are the observations, © is a convex subset of RY for the
parameters, R : © — R is a smooth convex regularization function.

e g(y;0) is the (incomplete) likelihood of each individual observation.

e The objective function £(8) is possibly nonconvex and is assumed to
be lower bounded £(8) > —oo for all 6 € ©.
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Settings and Notations

e Latent variable model, g(y;; 8), is the marginal of the complete data
likelihood defined as f(z,y;; 0), i.e. g(yi;0) = [, f(z,yi: 0)u(dz)
o {z}" ; are the (unobserved) latent variables.

e The complete data likelihood belongs to the curved exponential
family, i.e.,

f(2i,yi:0) = h(zi,yi)exp ((S(zi,yi) | 6(8)) —(8)) ,  (32)

where ¥(0), h(z,y;) are scalar functions, ¢(8) € R¥ is a vector
function, and S(z;,y;) € R¥ is the complete data sufficient statistics.

e Latent variable models are widely used in machine learning and
statistics; examples include mixture models for density estimation,
clustering document, and topic modelling; see (McLachlan and
Krishnan, 2007b) and the references therein.
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EM Method

"batch” EM (bEM) method is composed of two steps.

E-step, a surrogate function is computed as

0 Q0,0 ) =7, Qi(6,0°") where

Qi(6,6") := — [, log f(z,yi; 0)p(zilyi; 0')1u(dz) such that

p(zilyi; 0) = f(z,y:i;0)/g(yi,0) is the conditional probability
density of the latent variables z; given the observations y;.

When f(z;,y;; 0) is a curved exponential family model, the E-step
amounts to computing the conditional expectation of the complete
data sufficient statistics,

n

5(0) = 1 25,-(0) where 5;(0) = /ZS(Z,-,y;)p(Z;D/i; 0)u(dz).

n
i=1

(33)
M-step, the surrogate function is minimized producing a new fit of
the parameter 8% = arg maxg o Q(6,0° 7).
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Limitations and Propositions

e The EM method has several appealing features — it is monotone
where the likelihood do not decrease at each iteration, invariant with
respect to the parameterization, numerically stable when the
optimization set is well defined, etc.

e Sheer size of data sets today, the bEM method is not applicable.

e Several approaches based on stochastic optimization have been
proposed to address this problem.

e Neal and Hinton (1998b) proposed (but not analyzed) an
incremental version of EM, referred to as the iEM method.

e Cappé and Moulines (2009) developed the online EM (sEM) method
which uses a stochastic approximation procedure to track the
sufficient statistics defined in (33).

e Chen et al. (2018) proposed a variance reduced sEM (sEM-VR)
method which is inspired by the SVRG algorithm popular in
stochastic convex optimization (Johnson and Zhang, 2013).
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Stochastic Optimization for EM Methods

e Stochastic EM Methods
sE-step : 80+ =gk _ 1) (§(k) - S(kﬂ)), (34)
Note {v,}52, € [0,1] is a sequence of step sizes, S*™) is a proxy

for §(9(k)), and s is defined in (33).
e M-step is given by

M-step: 87 = B(8*+) = argmin { R(0)+4(0)— (3% 6(0) ) }.
0co
(35)
e To simplify notations, we define
=50 = [ smptalyidutaz) ()
s@ .—5o'y= 2N 5O
s 5(0 ) n’z:;s, . (37)
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Stochastic Optimization for EM Methods

o Let ik € [1,n] be a random index drawn at iteration k and
7K = max{k’ : ix = i, k" < k} be the iteration index where
i € [1,n] is last drawn prior to iteration k, we have:

Tk
iEM [NH, 1998)) St = s 4 1(5 _ 517

( i~ Si, (38)
(sEM [CM, 2009]) St =50 (39)
_ —(k —((k
(sEM — VR [CZTZ.,2018]) SU*+1) =350 1 (59 ")) (40)
k
(FEM [KLMW.,2019]) sttt = g 4 (50 _ 5% (41)
<k+1) =k | gk (5)
S =8 +n 1(sj(-k)—sjk*). (42)

® Y1 = 1 for the iEM method; k1 = 7 is constant for the sEM-VR
method.

e For sEM method, 7,41 is a diminishing step size.

e For SEM-VR, we set an epoch size of m and define ¢(k) := m|k/m]|
as the first iteration number in the epoch that iteration k is in.
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sEM algorithms

Algorithm 3 sEM algorithms

. . ~(0 ~ _ . .
Initialization: initializations 0( ) 0,80 s(o), Knax < max. iteration

number.
Set the terminating iteration number, K € {0,..., Knax— 1}, as a discrete
r.v. with:
P(K = k) = —e . (43)
=0 Ve

Iteration k: Given the current state of the chain wft_l):

1. Draw index ix € [1, n] uniformly (and jx € [1, n] for fiEM).

2. Compute the surrogate sufficient statistics 1) using (39) or (38)
or (40) or (42).

3. Compute §(k*1) via the sE-step (34).

4. Compute 0" Via the M-step (35).

Return: 9(K).
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Global Convergence: Assumptions

(A1) The function ¢ is smooth and bounded on int(©), i.e., the interior
of ©. For all 0,0 € int(©)?, || J5(0) — J5(6)|| < Ly ||6 — 6’| and
195(8))] < Cs.

(A2) The conditional distribution is smooth on int(©). For any
i€1,n],z€Z, 6,0 €int(©)? we have

|p(2lyi:0) — p(2ly;; 0")| < Ly 116 — 6.

(A3) For any s € S, the function

60— L(s,0) :=R(0)+¢(0) — (s| #(8)) admits a unique global minimum
6(s) € int(©). In addition, Jg(g(s)) is full rank and 6(s) is Ly-Lipschitz.
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Incremental EM Method

Denote by HY(s, ) the Hessian (w.r.t to @ for a given value of s) of the
function 8 — L(s,0) = R(0) + ¥(0) — (s | #(0)), and define

B(s) := J5(8(s)) (HL(s.0(s)))  J5(8(s) T (44)

(A4) It holds that Umax := supgcs || B(s)|| < oo and
0 < Umin 1= infses Amin(B(8)). There exists a constant Lg such that for
all s,s' € S, we have || B(s) — B(s')|| < Lg||s — §']|.

Theorem 5

Consider the iEM algorithm, i.e., Algorithm 3 with (38). Assume
(A1) to (A4). For any Kmax > 1, it holds that

— ~(K) 2L,
E[IVL@ )P < n

max

E[£0”) - 20"y (9)

where L. is defined in Lemma and K is a uniform random variable
on [1, n][0, Kmax — 1] [cf. (43)] independent of the {i\} .
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Stochastic EM as Scaled Gradient Methods

To set our stage, we consider the minimization problem:

s€S

mip V() == L) = RO) + 7 S L06),  (46)

where 6(s) is the unique map defined in the M-step (35).

Lemma 1

Assume (A1) to (A4). For alls,s' € S and i € [1, n], we have

I5:(6(s))—si(8(s))I| < Lslls=s'll, [[VV(s)=VV(s)]| < Lv [ls—s'l
(47)

where Lg := CzL, Ly and Ly := Umax(1 + Ls ) + Lg Gs.
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Stochastic EM as Scaled Gradient Methods

Theorem 6

o Consider the SEM-VR method. There exists a universal
constant pi € (0,1) (independent of n) such that if we set the

step size as v = {:';/3 and the epoch length as m = ﬁ
2L, 2
[V V(552 < ni 2 Umax v 00y — y(slte)].
/ijmax Unin
(48)

o Consider the fiEM method, i.e., Algorithm 3 with (42). Set
v = of";‘;/_% such that o = max{6,1 + 4vn}. For any
Kmax > 1, it holds that

o?L, V3., . .
o E[V(3©) - v(s=D)]. (49)

E[IVV (X)) < n?

min
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Numerical Applications: GMM

e Fit a GMM model to a set of n observations {y;}"_; whose
distribution is modeled as a Gaussian mixture of M components,
each with a unit variance.

o z; € [1, n][M] are the latent labels, the complete log-likelihood is:

log (2, yi:0) = > 1(my(2i) [log(wm) — 112,/2]
m=t (50)

M
+ > Lymy(2i)pmyi + constant .
m=1
where 0 := (w, ) with w = {w, }M=! are the mixing weights with t
w=1-M"1 0, and = {pn}M_, are the means.

e We use the penalization R(8) = § S _ 12, — log Dir(w; M, €)
where § > 0 and Dir(-; M, €) is the M dimensional symmetric
Dirichlet distribution with concentration parameter ¢ > 0.

e Generate samples from a GMM model with M =2, u; = —pup; = 0.5.

60



Numerical Applications: GMM

Fixed sample size We use n = 10* synthetic samples and run to get p*.
We compare the bEM, sEM, iEM, sEM-VR and fiEM methods. Stepsize
of the sEM as 4 = 3/(k + 10), and for sEM-VR and the fiEM constant

and proportional to 1/n%/3.

Varying sample size Compare the number of iterations required to reach
a precision of 1073 as a function of the sample size from n = 103 to

n=10°.

1073
1077
N_ll]’”
*_ 10-15
I 10719
- 10723
10727
1073t

Iteration

6 8 10 10° 104 10°
Epoch Problem size n

Figure 3: Performance of stochastic EM methods for fitting a GMM. (Left)
Precision (|u¥) — 1*|?) as a function of the epoch elapsed. (Right) Number of

iterations to reach a precision of 1073, 61



Numerical Applications: pLSA

e D documents with terms from a vocabulary of size V.

o Data is summarized by a list of tokens {y;}"_; as pairs of document
and word y; = (y,-(d),yi(w)) which indicates that y,.(W) appears in
document y; .

e The goal of pLSA is to classify the documents into K topics, which is
modeled as a latent variable z; € [1, K] associated with each token

let

-4.7

—i— SEM-VR

—4.8
-4.9
-5.0
=5.1
-5.2

ELBO

-5.3
-5.4
-5.5

—— SEM-VR
= EM *— SEM

6 8

4 4
Epoch Epoch

Figure 4: ELBO of the stochastic EM methods on FAO datasets as a function

of number of epochs elapsed. (Left) small dataset with 10° documents.
(Right) large dataset with 10.5 x 10° documents.
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3. Fast Maximum Likehood
Estimation

3.2 Fast Stochastic Approximation of
the EM: with Applications to
Pharmacology



Settings and Notations

e Population approach. Consider N individuals.
yi = (¥ij,1 < j < nj) vector of n; measurements for individual / and
¢; individual covariates.

e Incomplete data Individual parameters v); are latent.

e Parametrized hierarchical model. The distribution of y; depends
on the latent variable ;

yi ~ p(yilvi, 0)
i ~ p(ilci, )

e Mixed Effects Model. The individual parameters are decomposed

(51)

as follows:
i = g(B, ci, i) (52)

where f3 is the population parameter (fixed effect) and 7; is the
random effect. We assume n; ~ N(0, Q).
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Example: Continuous data model

e Continuous, non linear and mixed effects models:

Yii = f(tij; 1/14) + €jj

Where:
e The structural model f(tj,.) is a non linear function of v;
e ¢;~N(0,0’)and 0 €R
o i =B +mn =i ~N(8,Q)
e Here 0 = (5,Q,0)

e The goal is to compute the maximum likelihood estimate

oMt = 4
arg max p(y, 6)

(53)

(54)
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Example: Non Continuous data model

e Here, the model for the observations of individual 7 is the conditional
distribution of y; given the set of individual parameters ;. There is
no analytical relationship between the observations and the
individual parameters

e For repeated event models, times when events occur for individual 7
are random times (Tj;,1 < j < n;) for which conditional survival
functions can be defined:

— [t h(u,;)du
B(Ty > t]Trjor = tijoa) = e T "% (55)

e Then, we can show (see (Lavielle, 2014) for more details) that the
conditional pdf of y; = (y;;,1 < n;) writes

ni—1

p(y,-|w,-)—exp{/OT 0, 5)d }Hhu,w, (56)
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Maximum likelihood: EM

The EM algorithm (Dempster, Laird and Rubin, 1977) is an iterative
algorithm that computes MLE. At a given 6%~

1. Q(H, 9"_1) = EP(#’D’,W’I) [|Og p(_y7 1/), 9)]
k _ k
2. 0 =arg reneagQ ()
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SAEM (Stochastic Approximation of EM)

Given =1, SAEM (Delyon et al., 1999) k—th update consists in:

L. ¥k ~ p(tily;, 0¥71)  (for all individuals of the population)
2. Q4(0) = QXH(6) + (L iLy log p(yis vf0) = Q“H(9))
k _ K
3. 6 =arg r",peagQ 0)
Example (PK model):

Dka,-

f(tij; i) = Vilkar — k)

(e—k,'t,'j _ e—ka,-t,-j)

where v; = (ka;, Vi, k;) and

log(ka;) ~ N (log(ka),w;,)
log(V;) ~ N (log(V),w}) (57)
log(ki) ~ N (log(k),w})
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Convergence behaviour: example

Figure 5: SAEM convergence (K1 = 100, K2 = 50)
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How to accelerate the convergence? We can start with the
acceleration of the posterior sampling.
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Posterior Sampling: MCMC

Metropolis Hastings:

e Random Walk Metropolis: proposals are centered in the current
state with a diagonal variance-covariance matrix, with variance
terms which are adaptively adjusted at each iteration in order to
reach some optimal acceptance rate (Atchadé et al., 2005)

Attempts:

e SDE-based (Fox, Ma, 2015) methods using the direction of the
gradient of the target distribution (tuning and heavy calculus)

e Metropolis Adjusted Langevin Algorithm (MALA) (Roberts and
Tweedie, 1996) and its variants (Atchadé et al., 2005)

e The Hamiltonian Monte Carlo (HMC) and its extension the "No
U-Turns Sampler” (Hoffman and Gelman, 2014) that takes
advantage of Hamiltonian dynamics to propose candidates.

69



Fast MCMC sampling: State-of-the-art

e The MALA consists in proposing a new state f using the gradient
of the target measure at the current state wfk):

Uf ~ NP — 5V ilog n(1™), 294 (58)

where (vx)k>o is a sequence of positive integers. It is a particular
case of the RWM with a drift term (Ma et al., 2015) and a
covariance matrix that is diagonal and isotropic (uniform in all
directions).

e The NUTS (Hoffman and Gelman, 2014) which does not require the
user to choose how many steps it wants to execute in order to
produce the candidate sample using the Hamiltonian dynamics. We
use its implementation in rstan (R Package (Stan Development
Team, 2018))



Fast MCMC sampling: New proposal

In the continuous case: For a given individual i
e Compute the Maximum A Posteriori (MAP):
)i = arg max p(tily;, 0) = argmaxp(yi[i, 0)p(vi, )
e Taylor expansion of the structural model f around this point:

F(Wi) & F(hi) + V(i) (b — i) | (59)

Proposition 1

Under this linear model, the conditional distribution of v; is a
Gaussian distribution with mean p; and variance-covariance I'; where

~ ~ -1
M= (WW +Ql> | (60)

o2
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Fast MCMC sampling: New proposal

In the non continuous case

e Use Laplace Approximation of the incomplete likelihood

p(yi) = /elogp(y;,w;)dwi

e Taylor expansion of the complete log likelihood around the MAP:

A p 1 A
log(p(tilyi)) ~ —2 log 27 —  log (|~ V2log p(y. 1)) .

Proposition 2

Let (y;, ;) be a pair of random variables where 1); is normally
distributed with variance-covariance matrix 2. Then, the conditional
distribution of v; can be approximated by a Gaussian distribution
with mean 12; and variance-covariance

. . -1
r,' = —V2 |0gP(Yia¢i)_1 = (_v2 |0gp(yl|w’) + Q_l)
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Fast MCMC sampling: nlme-IMH

Algorithm 4 The nlme-IMH algorithm

Initialization: Initialize the chain sampling wfo) from initial &; .

Iteration t: Given the current state of the chain w,(t_l):

1. Compute the MAP estimate:
B — yi 61
Vi = arg max p(Yily;) - (61)

2. Sample a candidate 9f from a the independent proposal
N, 1) denoted g;(-[{").
3. Compute the MH ratio:

p(vfly)  ai(d”lvs)
@y ai(ws D)

a(pi Y, pf) = (62)
p

4. Set wft) = 1§ with probability min(1, a( ,-C,wftfl))) (otherwise,
keep () = {71y,

73



Fast ML Estimation: Modified SAEM

Assume that our new proposal is used at iteration k, then the simulation
step of SAEM decomposes as follows:

1. compute the MAP under the current model parameter estimate 6;_
for all individuals i:

P = arg mw"’.xp(wi|yi79k71) . (63)

2. Compute the covariance matrix ng) such as:

VEBOVEGY)Y | oot
0 _ <gz +Q ) for cont. models .
R . —1
(V log P()’i|1/1,(k)))v log p()/i|7/’,(k))/ + Qfl) otherwise .
(64)

3. Run a small number of iterations of the MH algorithm with the
proposal N(zﬁw F(-k)).

[

74



Numerical Experiment: Warfarin Data

e 32 healthy volunteers received a 1.5 mg/kg single oral dose of
warfarin, an anticoagulant normally used in the prevention of
thrombosis (O'Reilly and Aggeler, 1968).

Figure 6: Warfarin concentration (mg/l) over time (h) for 32 subjects

e One-compartment pharmacokinetics (PK) model for oral
administration, assuming first-order absorption and linear elimination
processes:

D ka

f(t, ka, V, k) == m

(e—kat o e—k t) , (65)
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MCMC convergence: RWM
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Figure 7: Top plot: convergence of the empirical medians of p(ki|yi; 6).
Reference MH algorithm (blue) and the nlme-IMH (red). Bottom plot:
Autocorrelation plots of the MCMC samplers.



MCMC convergence: MALA and NUTS

ACF

00 02 04 06 08 10
M

IMH RWM MALA NUTS ADVI

\\\\\\\\\\\\\\\\\\\\

ACF
00 02 04 06 08 10
cF

6 08 10
5
3
AcF
02 04 06 08 10

Figure 8: Modelling of the warfarin PK data: Autocorrelation plots.

MSJD ESS
kaj Vi ki ka; V; ki
RWM 0.009 0.002 0.006 1728 3414 3784
nlme-IMH 0.061 0.004 0.018 13694 14907 19976
MALA 0.024 0.002 0.006 3458 3786 3688
NUTS 0.063 0.004 0.018 18684 19327 19083
ADVI 0.037 0.002 0.010 2499 1944 2649
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First MCMC iterations
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Figure 9: Modelling of the warfarin PK data: Boxplots for the RWM, the
nlme-IMH, the MALA and the NUTS algorithm, averaged over 100 independent
runs. The groundtruth median, 0.25 and 0.75 percentiles are plotted as a
dashed purple line and its maximum and minimum as a dashed grey line.



ML Estimation

e With our new proposal (red) versus reference RWM (blue)

VPHF

0 0
iteration iteration

Figure 10: Estimation of the population PK parameters for the warfarin
data: convergence of the sequences of estimates (\A/pop’k7 1 < k <200)
and (@v,1 < k < 200) obtained with SAEM and three different initial
values using the reference MH algorithm (blue) and the new proposal

during the first 10 iterations (red).
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Monte Carlo Study

e For a given sequence of estimates, we can then define, at each
iteration k and for each component ¢ of the parameter, the mean
square distance over the replicates

1 M

Ex(¢) = i

(60 - 6 0) (66)

1

@)

E(Vier)

‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘

Figure 11: Mean square distances for V;,op and wy obtained with SAEM
on M = 100 synthetic datasets using the reference MH algorithm (blue)
and the new proposal during the first 10 iterations (red).
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4. Conclusion




Take-aways

e We derived incremental and online methods for the optimization
problem in machine learning.

e For either ERM or Expected risk problems
e When the objective function is a likelihood or not
e For latent data models

e We conducted finite-time analysis of these methods for nonconvex
loss functions and non necessarily gradient methods.

e Applications to several models of interest in machine learning with
rigorous verification of the assumptions.
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Perspectives

e Incremental algorithms: choice of the indices at each iteration.
Optimal sampling strategies: (Roux et al., 2012) or (Horvath and
Richtdrik, 2018).

e Optimal mini-batch size of stochastic and incremental algorithms.
See (Gower et al., 2019) (variance-cost trade off).

e Interplay between the Monte Carlo batch and the mini-batch of
indices drawn at each iteration (bias-variance trade off).

e Complexity of O(n/¢) was found for the MISO method. O(n?/3/¢)
for quadratic surrogates in (Qian et al., 2019).

e Storage and Computation:

e When data is big, need to store a lot for SAG, SAGA (less for SVRG).

e Distributed first-order optimization procedures. Parallel or
asynchronous method, or even centralized or decentralized
architecture.
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Thank you! Questions?

A
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