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Maximum Likelihood Estimation (MLE) 

‣  This problem is an optimization problem, which we could use any imaginable tool to solve


‣  In practice, it’s often hard to get expressions for the derivatives needed by gradient methods


‣  Expectation-Maximization (EM) method is one popular and powerful way of proceeding, but 
not the only way. It takes advantage of the latent data to complete the observations.

‣  We have vectors of data     that are observed and     that are latent


‣  We assume a probabilistic model on the observations    ,  


‣  We can define                   as the complete data likelihood and                  as the conditional distribution of    given  


‣  The MLE problem is, given a model              and some actual data � , find the parameter     which makes the  
data most likely:
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<latexit sha1_base64="jv6AmNAGixxO4JGR7eZ/bSkAEL0="></latexit><latexit sha1_base64="jv6AmNAGixxO4JGR7eZ/bSkAEL0="></latexit><latexit sha1_base64="jv6AmNAGixxO4JGR7eZ/bSkAEL0="></latexit><latexit sha1_base64="jv6AmNAGixxO4JGR7eZ/bSkAEL0="></latexit>

p(Z|Y, ✓)
<latexit sha1_base64="QdrJ9EjnjQZTQ5MrcDRSdjj+cck="></latexit><latexit sha1_base64="QdrJ9EjnjQZTQ5MrcDRSdjj+cck="></latexit><latexit sha1_base64="QdrJ9EjnjQZTQ5MrcDRSdjj+cck="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="ipqqY07sUpN7VBBRD5ayTfwkUgQ="></latexit><latexit sha1_base64="SarqzgolAHJvemrI6PxFY80Nm00="></latexit><latexit sha1_base64="MA3g/xDBLR3QLdmuYJQMs6n5xIU="></latexit><latexit sha1_base64="QdrJ9EjnjQZTQ5MrcDRSdjj+cck="></latexit><latexit sha1_base64="QdrJ9EjnjQZTQ5MrcDRSdjj+cck="></latexit><latexit sha1_base64="QdrJ9EjnjQZTQ5MrcDRSdjj+cck="></latexit><latexit sha1_base64="QdrJ9EjnjQZTQ5MrcDRSdjj+cck="></latexit><latexit sha1_base64="QdrJ9EjnjQZTQ5MrcDRSdjj+cck="></latexit><latexit sha1_base64="QdrJ9EjnjQZTQ5MrcDRSdjj+cck="></latexit>

Y
<latexit sha1_base64="jubHMuArAr2ZBkAxDO0i/LZ3tnY="></latexit><latexit sha1_base64="jubHMuArAr2ZBkAxDO0i/LZ3tnY="></latexit><latexit sha1_base64="jubHMuArAr2ZBkAxDO0i/LZ3tnY="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="P5mgyGzoYR73/jwhDGAYHNrr0oE=">AAACuXicjVJdS8MwFD2rX3NOnb76UhyCT6P1RR8FQXzcwH2IDmmzbIZlbUlSYQx/ga/628R/oP/Cm9iBOkRT2p6ce89Jbm7iTAptguC15C0tr6yuldcrG9XNre3aTrWj01wx3mapTFUvjjSXIuFtI4zkvUzxaBJL3o3HZzbevedKizS5NNOM9yfRKBFDwSJDVOvqtlYPGoEb/iIIC1BHMZpp7QU3GCAFQ44JOBIYwhIRND3XCBEgI66PGXGKkHBxjgdUSJtTFqeMiNgxfUc0uy7YhObWUzs1o1UkvYqUPg5Ik1KeImxX8108d86W/c175jzt3qb0jwuvCbEGd8T+pZtn/ldnazEY4sTVIKimzDG2Ola45O5U7M79L1UZcsiIs3hAcUWYOeX8nH2n0a52e7aRi7+5TMvaOStyc7zbXVKDw5/tXASdo0YYNMJWgDL2sI9DauMxTnGBJtrO8hFPePbOPenpz6vglYo7sYtvw8s/AOs4ji4=</latexit><latexit sha1_base64="P5mgyGzoYR73/jwhDGAYHNrr0oE=">AAACuXicjVJdS8MwFD2rX3NOnb76UhyCT6P1RR8FQXzcwH2IDmmzbIZlbUlSYQx/ga/628R/oP/Cm9iBOkRT2p6ce89Jbm7iTAptguC15C0tr6yuldcrG9XNre3aTrWj01wx3mapTFUvjjSXIuFtI4zkvUzxaBJL3o3HZzbevedKizS5NNOM9yfRKBFDwSJDVOvqtlYPGoEb/iIIC1BHMZpp7QU3GCAFQ44JOBIYwhIRND3XCBEgI66PGXGKkHBxjgdUSJtTFqeMiNgxfUc0uy7YhObWUzs1o1UkvYqUPg5Ik1KeImxX8108d86W/c175jzt3qb0jwuvCbEGd8T+pZtn/ldnazEY4sTVIKimzDG2Ola45O5U7M79L1UZcsiIs3hAcUWYOeX8nH2n0a52e7aRi7+5TMvaOStyc7zbXVKDw5/tXASdo0YYNMJWgDL2sI9DauMxTnGBJtrO8hFPePbOPenpz6vglYo7sYtvw8s/AOs4ji4=</latexit><latexit sha1_base64="9ggx5kryC2EY//stZfxWTZ+anNQ="></latexit><latexit sha1_base64="jubHMuArAr2ZBkAxDO0i/LZ3tnY="></latexit><latexit sha1_base64="jubHMuArAr2ZBkAxDO0i/LZ3tnY="></latexit><latexit sha1_base64="jubHMuArAr2ZBkAxDO0i/LZ3tnY="></latexit><latexit sha1_base64="jubHMuArAr2ZBkAxDO0i/LZ3tnY="></latexit><latexit sha1_base64="jubHMuArAr2ZBkAxDO0i/LZ3tnY="></latexit><latexit sha1_base64="jubHMuArAr2ZBkAxDO0i/LZ3tnY="></latexit>

Z
<latexit sha1_base64="bmZtR+whGwA0oYIDi8F0yMwMhko="></latexit><latexit sha1_base64="bmZtR+whGwA0oYIDi8F0yMwMhko="></latexit><latexit sha1_base64="bmZtR+whGwA0oYIDi8F0yMwMhko="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="MmBsKD61+7S1QJSMBGCQb0V/Vbo=">AAACuXicjVJdS8MwFD2rX3NOnb76UhyCT6P1RR8FQXzcwH2gDmmzbIZlbUlSYQx/ga/628R/oP/Cm9iBOkRT2p6ce89Jbm7iTAptguC15C0tr6yuldcrG9XNre3aTrWj01wx3mapTFUvjjSXIuFtI4zkvUzxaBJL3o3HZzbevedKizS5NNOM9yfRKBFDwSJDVOvqtlYPGoEb/iIIC1BHMZpp7QU3GCAFQ44JOBIYwhIRND3XCBEgI66PGXGKkHBxjgdUSJtTFqeMiNgxfUc0uy7YhObWUzs1o1UkvYqUPg5Ik1KeImxX8108d86W/c175jzt3qb0jwuvCbEGd8T+pZtn/ldnazEY4sTVIKimzDG2Ola45O5U7M79L1UZcsiIs3hAcUWYOeX8nH2n0a52e7aRi7+5TMvaOStyc7zbXVKDw5/tXASdo0YYNMJWgDL2sI9DauMxTnGBJtrO8hFPePbOPenpz6vglYo7sYtvw8s/AO2Nji8=</latexit><latexit sha1_base64="MmBsKD61+7S1QJSMBGCQb0V/Vbo=">AAACuXicjVJdS8MwFD2rX3NOnb76UhyCT6P1RR8FQXzcwH2gDmmzbIZlbUlSYQx/ga/628R/oP/Cm9iBOkRT2p6ce89Jbm7iTAptguC15C0tr6yuldcrG9XNre3aTrWj01wx3mapTFUvjjSXIuFtI4zkvUzxaBJL3o3HZzbevedKizS5NNOM9yfRKBFDwSJDVOvqtlYPGoEb/iIIC1BHMZpp7QU3GCAFQ44JOBIYwhIRND3XCBEgI66PGXGKkHBxjgdUSJtTFqeMiNgxfUc0uy7YhObWUzs1o1UkvYqUPg5Ik1KeImxX8108d86W/c175jzt3qb0jwuvCbEGd8T+pZtn/ldnazEY4sTVIKimzDG2Ola45O5U7M79L1UZcsiIs3hAcUWYOeX8nH2n0a52e7aRi7+5TMvaOStyc7zbXVKDw5/tXASdo0YYNMJWgDL2sI9DauMxTnGBJtrO8hFPePbOPenpz6vglYo7sYtvw8s/AO2Nji8=</latexit><latexit sha1_base64="02XeR+9EGf0pTqYZC4+/NlZ88cc="></latexit><latexit sha1_base64="bmZtR+whGwA0oYIDi8F0yMwMhko="></latexit><latexit sha1_base64="bmZtR+whGwA0oYIDi8F0yMwMhko="></latexit><latexit sha1_base64="bmZtR+whGwA0oYIDi8F0yMwMhko="></latexit><latexit sha1_base64="bmZtR+whGwA0oYIDi8F0yMwMhko="></latexit><latexit sha1_base64="bmZtR+whGwA0oYIDi8F0yMwMhko="></latexit><latexit sha1_base64="bmZtR+whGwA0oYIDi8F0yMwMhko="></latexit>

g(Y, ✓)
<latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="UJCuD0GudJGFAUvHKdIB/m6kWyE="></latexit><latexit sha1_base64="UJCuD0GudJGFAUvHKdIB/m6kWyE="></latexit><latexit sha1_base64="fi0I/EBSyV6uop2Xx5V9+FFFp14="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit>

g(Y, ✓)
<latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="UJCuD0GudJGFAUvHKdIB/m6kWyE="></latexit><latexit sha1_base64="UJCuD0GudJGFAUvHKdIB/m6kWyE="></latexit><latexit sha1_base64="fi0I/EBSyV6uop2Xx5V9+FFFp14="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="UJCuD0GudJGFAUvHKdIB/m6kWyE="></latexit><latexit sha1_base64="UJCuD0GudJGFAUvHKdIB/m6kWyE="></latexit><latexit sha1_base64="fi0I/EBSyV6uop2Xx5V9+FFFp14="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit>

g(Y, ✓)
<latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="UJCuD0GudJGFAUvHKdIB/m6kWyE="></latexit><latexit sha1_base64="UJCuD0GudJGFAUvHKdIB/m6kWyE="></latexit><latexit sha1_base64="fi0I/EBSyV6uop2Xx5V9+FFFp14="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="UJCuD0GudJGFAUvHKdIB/m6kWyE="></latexit><latexit sha1_base64="UJCuD0GudJGFAUvHKdIB/m6kWyE="></latexit><latexit sha1_base64="fi0I/EBSyV6uop2Xx5V9+FFFp14="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit><latexit sha1_base64="xx8ZI5mHmhyO1XkMcycPMS04tXU="></latexit>



Settings and Notations
Context 

Exponential Family

‣  Many problems in machine learning pertain to tackling an empirical risk minimization of the form

‣              are the observations,      is a convex subset of      ,          is a smooth convex regularization function.


‣  The objective function          is possibly nonconvex and is assumed to be lower bounded  

‣  Latent data model:               are not observed


‣  Complete data likelihood belongs to the curved exponential family:

{zi}ni=1
<latexit sha1_base64="TEgCviAPOLQjB1YKDj/G2X/DVV4="></latexit><latexit sha1_base64="TEgCviAPOLQjB1YKDj/G2X/DVV4="></latexit><latexit sha1_base64="TEgCviAPOLQjB1YKDj/G2X/DVV4="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="aMl+3NqXd4kneXEnYBRN8Ad2maw="></latexit><latexit sha1_base64="XmCeGNdHTOR4aPg1Dg/4KSYI7hQ="></latexit><latexit sha1_base64="PGTjI7DMf688IuTZl8s0o1FkpSQ="></latexit><latexit sha1_base64="TEgCviAPOLQjB1YKDj/G2X/DVV4="></latexit><latexit sha1_base64="TEgCviAPOLQjB1YKDj/G2X/DVV4="></latexit><latexit sha1_base64="TEgCviAPOLQjB1YKDj/G2X/DVV4="></latexit><latexit sha1_base64="TEgCviAPOLQjB1YKDj/G2X/DVV4="></latexit><latexit sha1_base64="TEgCviAPOLQjB1YKDj/G2X/DVV4="></latexit><latexit sha1_base64="TEgCviAPOLQjB1YKDj/G2X/DVV4="></latexit>

min
✓2⇥

L(✓) := L(✓) + R(✓)
<latexit sha1_base64="9nLFSZqVcNYhKLnOa9tE0W+WtC8="></latexit><latexit sha1_base64="9nLFSZqVcNYhKLnOa9tE0W+WtC8="></latexit><latexit sha1_base64="9nLFSZqVcNYhKLnOa9tE0W+WtC8="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="Lszzh1nL2nZ8N6pM4GIvNuGwcfA="></latexit><latexit sha1_base64="Lszzh1nL2nZ8N6pM4GIvNuGwcfA="></latexit><latexit sha1_base64="ZfZQ/ogLyh5OKhIko/3mADzWjeU="></latexit><latexit sha1_base64="9nLFSZqVcNYhKLnOa9tE0W+WtC8="></latexit><latexit sha1_base64="9nLFSZqVcNYhKLnOa9tE0W+WtC8="></latexit><latexit sha1_base64="9nLFSZqVcNYhKLnOa9tE0W+WtC8="></latexit><latexit sha1_base64="9nLFSZqVcNYhKLnOa9tE0W+WtC8="></latexit><latexit sha1_base64="9nLFSZqVcNYhKLnOa9tE0W+WtC8="></latexit><latexit sha1_base64="9nLFSZqVcNYhKLnOa9tE0W+WtC8="></latexit>

L(✓) = 1

n

nX

i=1

Li(✓) :=
1

n

nX

i=1

{� log g (yi; ✓)}
<latexit sha1_base64="/jliBsliJFBd+gs3fXexy2LWHY0="></latexit><latexit sha1_base64="/jliBsliJFBd+gs3fXexy2LWHY0="></latexit><latexit sha1_base64="/jliBsliJFBd+gs3fXexy2LWHY0="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="zlESd9YzuFRt3rdb+zbOCJAy/iE="></latexit><latexit sha1_base64="zlESd9YzuFRt3rdb+zbOCJAy/iE="></latexit><latexit sha1_base64="Ot+hcFK0x3LPRXRf52rOjOHsG/E="></latexit><latexit sha1_base64="/jliBsliJFBd+gs3fXexy2LWHY0="></latexit><latexit sha1_base64="/jliBsliJFBd+gs3fXexy2LWHY0="></latexit><latexit sha1_base64="/jliBsliJFBd+gs3fXexy2LWHY0="></latexit><latexit sha1_base64="/jliBsliJFBd+gs3fXexy2LWHY0="></latexit><latexit sha1_base64="/jliBsliJFBd+gs3fXexy2LWHY0="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="zlESd9YzuFRt3rdb+zbOCJAy/iE="></latexit><latexit sha1_base64="zlESd9YzuFRt3rdb+zbOCJAy/iE="></latexit><latexit sha1_base64="Ot+hcFK0x3LPRXRf52rOjOHsG/E="></latexit><latexit sha1_base64="/jliBsliJFBd+gs3fXexy2LWHY0="></latexit><latexit sha1_base64="/jliBsliJFBd+gs3fXexy2LWHY0="></latexit><latexit sha1_base64="/jliBsliJFBd+gs3fXexy2LWHY0="></latexit><latexit sha1_base64="/jliBsliJFBd+gs3fXexy2LWHY0="></latexit><latexit sha1_base64="/jliBsliJFBd+gs3fXexy2LWHY0="></latexit><latexit sha1_base64="/jliBsliJFBd+gs3fXexy2LWHY0="></latexit>

with

{yi}ni=1
<latexit sha1_base64="tjz/EYwE6T6xrinAKZC1ZuVVwWg="></latexit><latexit sha1_base64="tjz/EYwE6T6xrinAKZC1ZuVVwWg="></latexit><latexit sha1_base64="tjz/EYwE6T6xrinAKZC1ZuVVwWg="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="fVxCbCDlJn9g1oWPJ80/CiSBKvk="></latexit><latexit sha1_base64="fVxCbCDlJn9g1oWPJ80/CiSBKvk="></latexit><latexit sha1_base64="ASmbb4L/OjXd0vhdLhaBzsTGlnU="></latexit><latexit sha1_base64="tjz/EYwE6T6xrinAKZC1ZuVVwWg="></latexit><latexit sha1_base64="tjz/EYwE6T6xrinAKZC1ZuVVwWg="></latexit><latexit sha1_base64="tjz/EYwE6T6xrinAKZC1ZuVVwWg="></latexit><latexit sha1_base64="tjz/EYwE6T6xrinAKZC1ZuVVwWg="></latexit><latexit sha1_base64="tjz/EYwE6T6xrinAKZC1ZuVVwWg="></latexit><latexit sha1_base64="tjz/EYwE6T6xrinAKZC1ZuVVwWg="></latexit>

⇥
<latexit sha1_base64="ZnvCgEJSW1eYG3IHcjo9pLUMmFQ="></latexit><latexit sha1_base64="ZnvCgEJSW1eYG3IHcjo9pLUMmFQ="></latexit><latexit sha1_base64="ZnvCgEJSW1eYG3IHcjo9pLUMmFQ="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="/KPO6nxw0jGaZyGGQo1FOGF/HlQ="></latexit><latexit sha1_base64="/KPO6nxw0jGaZyGGQo1FOGF/HlQ="></latexit><latexit sha1_base64="FpPoHuSQKzq5UEkh1wOn5ffouus="></latexit><latexit sha1_base64="ZnvCgEJSW1eYG3IHcjo9pLUMmFQ="></latexit><latexit sha1_base64="ZnvCgEJSW1eYG3IHcjo9pLUMmFQ="></latexit><latexit sha1_base64="ZnvCgEJSW1eYG3IHcjo9pLUMmFQ="></latexit><latexit sha1_base64="ZnvCgEJSW1eYG3IHcjo9pLUMmFQ="></latexit><latexit sha1_base64="ZnvCgEJSW1eYG3IHcjo9pLUMmFQ="></latexit><latexit sha1_base64="ZnvCgEJSW1eYG3IHcjo9pLUMmFQ="></latexit>

min
✓2⇥

L(✓) := L(✓) + R(✓)
<latexit sha1_base64="9nLFSZqVcNYhKLnOa9tE0W+WtC8="></latexit><latexit sha1_base64="9nLFSZqVcNYhKLnOa9tE0W+WtC8="></latexit><latexit sha1_base64="9nLFSZqVcNYhKLnOa9tE0W+WtC8="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="Lszzh1nL2nZ8N6pM4GIvNuGwcfA="></latexit><latexit sha1_base64="Lszzh1nL2nZ8N6pM4GIvNuGwcfA="></latexit><latexit sha1_base64="ZfZQ/ogLyh5OKhIko/3mADzWjeU="></latexit><latexit sha1_base64="9nLFSZqVcNYhKLnOa9tE0W+WtC8="></latexit><latexit sha1_base64="9nLFSZqVcNYhKLnOa9tE0W+WtC8="></latexit><latexit sha1_base64="9nLFSZqVcNYhKLnOa9tE0W+WtC8="></latexit><latexit sha1_base64="9nLFSZqVcNYhKLnOa9tE0W+WtC8="></latexit><latexit sha1_base64="9nLFSZqVcNYhKLnOa9tE0W+WtC8="></latexit><latexit sha1_base64="9nLFSZqVcNYhKLnOa9tE0W+WtC8="></latexit>

L(✓) > �1
<latexit sha1_base64="xLjlluNLbZ5QI3misahTYLHwtGw="></latexit><latexit sha1_base64="xLjlluNLbZ5QI3misahTYLHwtGw="></latexit><latexit sha1_base64="xLjlluNLbZ5QI3misahTYLHwtGw="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="VUaew+XRkKvFpWrveN5IKr7FaFY="></latexit><latexit sha1_base64="VUaew+XRkKvFpWrveN5IKr7FaFY="></latexit><latexit sha1_base64="PMzttfpqoSHufD3LQYA9X36S6zk="></latexit><latexit sha1_base64="xLjlluNLbZ5QI3misahTYLHwtGw="></latexit><latexit sha1_base64="xLjlluNLbZ5QI3misahTYLHwtGw="></latexit><latexit sha1_base64="xLjlluNLbZ5QI3misahTYLHwtGw="></latexit><latexit sha1_base64="xLjlluNLbZ5QI3misahTYLHwtGw="></latexit><latexit sha1_base64="xLjlluNLbZ5QI3misahTYLHwtGw="></latexit><latexit sha1_base64="xLjlluNLbZ5QI3misahTYLHwtGw="></latexit>

L(✓) > �1
<latexit sha1_base64="xLjlluNLbZ5QI3misahTYLHwtGw="></latexit><latexit sha1_base64="xLjlluNLbZ5QI3misahTYLHwtGw="></latexit><latexit sha1_base64="xLjlluNLbZ5QI3misahTYLHwtGw="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="VUaew+XRkKvFpWrveN5IKr7FaFY="></latexit><latexit sha1_base64="VUaew+XRkKvFpWrveN5IKr7FaFY="></latexit><latexit sha1_base64="PMzttfpqoSHufD3LQYA9X36S6zk="></latexit><latexit sha1_base64="xLjlluNLbZ5QI3misahTYLHwtGw="></latexit><latexit sha1_base64="xLjlluNLbZ5QI3misahTYLHwtGw="></latexit><latexit sha1_base64="xLjlluNLbZ5QI3misahTYLHwtGw="></latexit><latexit sha1_base64="xLjlluNLbZ5QI3misahTYLHwtGw="></latexit><latexit sha1_base64="xLjlluNLbZ5QI3misahTYLHwtGw="></latexit><latexit sha1_base64="xLjlluNLbZ5QI3misahTYLHwtGw="></latexit>

S ⇢ Rd
<latexit sha1_base64="OUuJVypEWIVyFy+Kpusvr2x5JEY="></latexit><latexit sha1_base64="OUuJVypEWIVyFy+Kpusvr2x5JEY="></latexit><latexit sha1_base64="OUuJVypEWIVyFy+Kpusvr2x5JEY="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="6PtuC5hNpQ6lj5xbvZWtVCst1N8="></latexit><latexit sha1_base64="ZaLE7YicqKVT3zlMKhLHzNHyUek="></latexit><latexit sha1_base64="kmQ6+tO0Tzg3h+fI1nkMlX2oMcA="></latexit><latexit sha1_base64="OUuJVypEWIVyFy+Kpusvr2x5JEY="></latexit><latexit sha1_base64="OUuJVypEWIVyFy+Kpusvr2x5JEY="></latexit><latexit sha1_base64="OUuJVypEWIVyFy+Kpusvr2x5JEY="></latexit><latexit sha1_base64="OUuJVypEWIVyFy+Kpusvr2x5JEY="></latexit><latexit sha1_base64="OUuJVypEWIVyFy+Kpusvr2x5JEY="></latexit><latexit sha1_base64="OUuJVypEWIVyFy+Kpusvr2x5JEY="></latexit>

f (zi, yi; ✓) = h (zi, yi) exp (hS (zi, yi) |�(✓)i �  (✓))
<latexit sha1_base64="smrqQQhMpMFRitfFR5iVDR0qQvY="></latexit><latexit sha1_base64="smrqQQhMpMFRitfFR5iVDR0qQvY="></latexit><latexit sha1_base64="smrqQQhMpMFRitfFR5iVDR0qQvY="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="3VW5qJKe33UeS9SwTggi5mtrpIk="></latexit><latexit sha1_base64="t6l+8I46WUbAwv9wXZlhkxWUBuc="></latexit><latexit sha1_base64="P79QWyyVjzdOzg1l0332kM4WX9Q="></latexit><latexit sha1_base64="smrqQQhMpMFRitfFR5iVDR0qQvY="></latexit><latexit sha1_base64="smrqQQhMpMFRitfFR5iVDR0qQvY="></latexit><latexit sha1_base64="smrqQQhMpMFRitfFR5iVDR0qQvY="></latexit><latexit sha1_base64="smrqQQhMpMFRitfFR5iVDR0qQvY="></latexit><latexit sha1_base64="smrqQQhMpMFRitfFR5iVDR0qQvY="></latexit><latexit sha1_base64="smrqQQhMpMFRitfFR5iVDR0qQvY="></latexit>

S ⇢ Rd
<latexit sha1_base64="OUuJVypEWIVyFy+Kpusvr2x5JEY="></latexit><latexit sha1_base64="OUuJVypEWIVyFy+Kpusvr2x5JEY="></latexit><latexit sha1_base64="OUuJVypEWIVyFy+Kpusvr2x5JEY="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="6PtuC5hNpQ6lj5xbvZWtVCst1N8="></latexit><latexit sha1_base64="ZaLE7YicqKVT3zlMKhLHzNHyUek="></latexit><latexit sha1_base64="kmQ6+tO0Tzg3h+fI1nkMlX2oMcA="></latexit><latexit sha1_base64="OUuJVypEWIVyFy+Kpusvr2x5JEY="></latexit><latexit sha1_base64="OUuJVypEWIVyFy+Kpusvr2x5JEY="></latexit><latexit sha1_base64="OUuJVypEWIVyFy+Kpusvr2x5JEY="></latexit><latexit sha1_base64="OUuJVypEWIVyFy+Kpusvr2x5JEY="></latexit><latexit sha1_base64="OUuJVypEWIVyFy+Kpusvr2x5JEY="></latexit><latexit sha1_base64="OUuJVypEWIVyFy+Kpusvr2x5JEY="></latexit>

Sufficient statistics takes values in 



Updates
EM Method for Exponential Family 

Limitations

‣  Even though the EM has appealing features:

‣  Monotone in likelihood

‣  Invariant w.r.t. parametrization

‣  Numerically stable (well defined set)


‣  It is not applicable with the sheer size of today’s 
data


‣  Approaches based on Stochastic Optimization:

‣  [Neal and Hinton, 1998]: Incremental EM (iEM)

‣  [Cappé and Moulines, 2009]: Online EM (sEM)

‣  [Chen+, 2018]: Variance Reduces EM (sEM-VR)

‣  E-step:


   where:


‣  Define the function                           as:


‣ There exists a function                   such that 


‣  M-step: 

s(✓) =
1

n

nX

i=1

si(✓)
<latexit sha1_base64="s9J9XBmGUG9z+FqiE7Nxfg+aUSg="></latexit><latexit sha1_base64="s9J9XBmGUG9z+FqiE7Nxfg+aUSg="></latexit><latexit sha1_base64="s9J9XBmGUG9z+FqiE7Nxfg+aUSg="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="X4ABjTpUtjYkGDv3lKSUwZ1I2FM="></latexit><latexit sha1_base64="9aleoyzUlwiXyYLePWz5F4fqRNE="></latexit><latexit sha1_base64="SyvTpOcvB93UchTLLHfFzPhiJYs="></latexit><latexit sha1_base64="s9J9XBmGUG9z+FqiE7Nxfg+aUSg="></latexit><latexit sha1_base64="s9J9XBmGUG9z+FqiE7Nxfg+aUSg="></latexit><latexit sha1_base64="s9J9XBmGUG9z+FqiE7Nxfg+aUSg="></latexit><latexit sha1_base64="s9J9XBmGUG9z+FqiE7Nxfg+aUSg="></latexit><latexit sha1_base64="s9J9XBmGUG9z+FqiE7Nxfg+aUSg="></latexit><latexit sha1_base64="s9J9XBmGUG9z+FqiE7Nxfg+aUSg="></latexit>

si(✓) =

Z

Z
S (zi, yi) p (zi|yi; ✓)µ (dzi)

<latexit sha1_base64="rlPuY4pfgKhzyTXla122bcUZNPo="></latexit><latexit sha1_base64="rlPuY4pfgKhzyTXla122bcUZNPo="></latexit><latexit sha1_base64="rlPuY4pfgKhzyTXla122bcUZNPo="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="cF+LBDJuPQEYOgzN8LESO0YQoE8="></latexit><latexit sha1_base64="hQCC13yUh83uaK14TOpIdQ2ArBk="></latexit><latexit sha1_base64="ne0MVUWDaLDOe7lOX3PrXYVftTA="></latexit><latexit sha1_base64="rlPuY4pfgKhzyTXla122bcUZNPo="></latexit><latexit sha1_base64="rlPuY4pfgKhzyTXla122bcUZNPo="></latexit><latexit sha1_base64="rlPuY4pfgKhzyTXla122bcUZNPo="></latexit><latexit sha1_base64="rlPuY4pfgKhzyTXla122bcUZNPo="></latexit><latexit sha1_base64="rlPuY4pfgKhzyTXla122bcUZNPo="></latexit><latexit sha1_base64="rlPuY4pfgKhzyTXla122bcUZNPo="></latexit>

L(·; ✓) : S ! R
<latexit sha1_base64="6G0yfdVKQVwlt5X6D2FlcSHKmbc="></latexit><latexit sha1_base64="6G0yfdVKQVwlt5X6D2FlcSHKmbc="></latexit><latexit sha1_base64="6G0yfdVKQVwlt5X6D2FlcSHKmbc="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="+TfPL04TWZDe3MmzpS16OV1ILZc="></latexit><latexit sha1_base64="tmFCc72Af+iKeBy4W3jF03fLWXA="></latexit><latexit sha1_base64="wMIqXgRIPk2R9jzysnU1WOJN1CI="></latexit><latexit sha1_base64="6G0yfdVKQVwlt5X6D2FlcSHKmbc="></latexit><latexit sha1_base64="6G0yfdVKQVwlt5X6D2FlcSHKmbc="></latexit><latexit sha1_base64="6G0yfdVKQVwlt5X6D2FlcSHKmbc="></latexit><latexit sha1_base64="6G0yfdVKQVwlt5X6D2FlcSHKmbc="></latexit><latexit sha1_base64="6G0yfdVKQVwlt5X6D2FlcSHKmbc="></latexit><latexit sha1_base64="6G0yfdVKQVwlt5X6D2FlcSHKmbc="></latexit>

L(s; ✓̄(s))  L(s; ✓)
<latexit sha1_base64="JLEySegbHXnRBVwuFFnB1NM8jls="></latexit><latexit sha1_base64="JLEySegbHXnRBVwuFFnB1NM8jls="></latexit><latexit sha1_base64="JLEySegbHXnRBVwuFFnB1NM8jls="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="upNLJG6+wGZVEc4Nr9xfqZlRmf0="></latexit><latexit sha1_base64="MqpnGeyZ8xNc2vuGaYcgk4bpx9o="></latexit><latexit sha1_base64="+kLhufashD7qIk3pcs4aGURSjSk="></latexit><latexit sha1_base64="JLEySegbHXnRBVwuFFnB1NM8jls="></latexit><latexit sha1_base64="JLEySegbHXnRBVwuFFnB1NM8jls="></latexit><latexit sha1_base64="JLEySegbHXnRBVwuFFnB1NM8jls="></latexit><latexit sha1_base64="JLEySegbHXnRBVwuFFnB1NM8jls="></latexit><latexit sha1_base64="JLEySegbHXnRBVwuFFnB1NM8jls="></latexit><latexit sha1_base64="JLEySegbHXnRBVwuFFnB1NM8jls="></latexit>

✓̄ : S 7! ⇥
<latexit sha1_base64="lhKjLdAqsiMMmVsbFye0F3Knn/U="></latexit><latexit sha1_base64="lhKjLdAqsiMMmVsbFye0F3Knn/U="></latexit><latexit sha1_base64="lhKjLdAqsiMMmVsbFye0F3Knn/U="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="VSGD+3Ux7LPP2VJ5YeYmm0VxueI="></latexit><latexit sha1_base64="Rfw07nNmn+HTI7lT6HU4XZK3mHU="></latexit><latexit sha1_base64="tarzLxYatX3cw6R+H2V8pLXPM1M="></latexit><latexit sha1_base64="lhKjLdAqsiMMmVsbFye0F3Knn/U="></latexit><latexit sha1_base64="lhKjLdAqsiMMmVsbFye0F3Knn/U="></latexit><latexit sha1_base64="lhKjLdAqsiMMmVsbFye0F3Knn/U="></latexit><latexit sha1_base64="lhKjLdAqsiMMmVsbFye0F3Knn/U="></latexit><latexit sha1_base64="lhKjLdAqsiMMmVsbFye0F3Knn/U="></latexit><latexit sha1_base64="lhKjLdAqsiMMmVsbFye0F3Knn/U="></latexit>

L(s; ✓) := R(✓) +  (✓)� hs|�(✓)i
<latexit sha1_base64="+apKsN03mLdQDKDC3vmMAyNXBVs="></latexit><latexit sha1_base64="+apKsN03mLdQDKDC3vmMAyNXBVs="></latexit><latexit sha1_base64="+apKsN03mLdQDKDC3vmMAyNXBVs="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="5Qv1SqWzx+Tyx29Tf+TNUrMfTgI="></latexit><latexit sha1_base64="lc+Bi3BZYwShQETyhPf4aD3UzTw="></latexit><latexit sha1_base64="bIIloH8NTj1SNmAFWiFHOXHbBL4="></latexit><latexit sha1_base64="+apKsN03mLdQDKDC3vmMAyNXBVs="></latexit><latexit sha1_base64="+apKsN03mLdQDKDC3vmMAyNXBVs="></latexit><latexit sha1_base64="+apKsN03mLdQDKDC3vmMAyNXBVs="></latexit><latexit sha1_base64="+apKsN03mLdQDKDC3vmMAyNXBVs="></latexit><latexit sha1_base64="+apKsN03mLdQDKDC3vmMAyNXBVs="></latexit><latexit sha1_base64="+apKsN03mLdQDKDC3vmMAyNXBVs="></latexit>

✓ = ✓̄(s̄)
<latexit sha1_base64="h1T6rjh0n2sxYiggk3fBSm25+B0="></latexit><latexit sha1_base64="h1T6rjh0n2sxYiggk3fBSm25+B0="></latexit><latexit sha1_base64="h1T6rjh0n2sxYiggk3fBSm25+B0="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="PayDjzWB3ZBYdwpppjL2P+8a+lo="></latexit><latexit sha1_base64="8kY6O/XLWPeOu40FCsVG2jTkbjo="></latexit><latexit sha1_base64="T4Nt3dCtS2C9BwwimK3QctjwS34="></latexit><latexit sha1_base64="h1T6rjh0n2sxYiggk3fBSm25+B0="></latexit><latexit sha1_base64="h1T6rjh0n2sxYiggk3fBSm25+B0="></latexit><latexit sha1_base64="h1T6rjh0n2sxYiggk3fBSm25+B0="></latexit><latexit sha1_base64="h1T6rjh0n2sxYiggk3fBSm25+B0="></latexit><latexit sha1_base64="h1T6rjh0n2sxYiggk3fBSm25+B0="></latexit><latexit sha1_base64="h1T6rjh0n2sxYiggk3fBSm25+B0="></latexit>

✓(k+1) = ✓̄(ŝ(k+1)) = argmin
✓2⇥

{R(✓) +  (✓)� hs|�(✓)i}
<latexit sha1_base64="vH2+5rlqXPuRAwrYuln2VVDfrT4="></latexit><latexit sha1_base64="vH2+5rlqXPuRAwrYuln2VVDfrT4="></latexit><latexit sha1_base64="vH2+5rlqXPuRAwrYuln2VVDfrT4="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="4SXwk1POCo/F7SKuGzIVji5AKAE="></latexit><latexit sha1_base64="rftk9aQixyeg8nx1R9hEAyK8kng="></latexit><latexit sha1_base64="m5SJ+GAf6Qyqv/Zk+UzgxoxE/4U="></latexit><latexit sha1_base64="vH2+5rlqXPuRAwrYuln2VVDfrT4="></latexit><latexit sha1_base64="vH2+5rlqXPuRAwrYuln2VVDfrT4="></latexit><latexit sha1_base64="vH2+5rlqXPuRAwrYuln2VVDfrT4="></latexit><latexit sha1_base64="vH2+5rlqXPuRAwrYuln2VVDfrT4="></latexit><latexit sha1_base64="vH2+5rlqXPuRAwrYuln2VVDfrT4="></latexit><latexit sha1_base64="vH2+5rlqXPuRAwrYuln2VVDfrT4="></latexit>



General Formulation
Stochastic Optimization for EM Methods 

[1]
[2]
[3]

[4]

‣  Stochastic EM:


sE-step: 


where     is the stepsize and              is a proxy for 


‣  M-step:


‣  We simplify the notations:

ŝ(k+1) = ŝ(k) � �k+1

⇣
ŝ(k) � S(k+1)

⌘
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s(k)i := si
⇣
✓̂
(k)

⌘
=

Z

Z
S (zi, yi) p

⇣
zi|yi; ✓̂

(k)
⌘
µ (dzi)
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s(k) := s
⇣
✓̂
(k)

⌘
=

1

n

nX

i=1

s(k)I
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s
⇣
✓̂
(k)

⌘
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ŝ(k+1) = ŝ(k) � �k+1

⇣
ŝ(k) � S(k+1)

⌘
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�k
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[1] [2]
[3] [4]

`(k) := mbk/mc
<latexit sha1_base64="JDB0ScQeLNTWFv0wjwj0b/Us7wI="></latexit><latexit sha1_base64="JDB0ScQeLNTWFv0wjwj0b/Us7wI="></latexit><latexit sha1_base64="JDB0ScQeLNTWFv0wjwj0b/Us7wI="></latexit><latexit sha1_base64="JDB0ScQeLNTWFv0wjwj0b/Us7wI="></latexit>

First iteration number of 
the current epoch

✓(k+1) = ✓̄(ŝ(k+1)) = argmin
✓2⇥

{R(✓) +  (✓)�
D
ŝ(k+1)|�(✓)

E
}

<latexit sha1_base64="hcq44glPXArp4aNY4A6MC2LZe8E="></latexit><latexit sha1_base64="hcq44glPXArp4aNY4A6MC2LZe8E="></latexit><latexit sha1_base64="hcq44glPXArp4aNY4A6MC2LZe8E="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="8eKSPQ94d3WVhdJG7Oco5T1CKR4="></latexit><latexit sha1_base64="20hErLtHuqzq592k2rwI8fl1JEk="></latexit><latexit sha1_base64="SX24FkJtFo3ued6996iY72ZrQBQ="></latexit><latexit sha1_base64="hcq44glPXArp4aNY4A6MC2LZe8E="></latexit><latexit sha1_base64="hcq44glPXArp4aNY4A6MC2LZe8E="></latexit><latexit sha1_base64="hcq44glPXArp4aNY4A6MC2LZe8E="></latexit><latexit sha1_base64="hcq44glPXArp4aNY4A6MC2LZe8E="></latexit><latexit sha1_base64="hcq44glPXArp4aNY4A6MC2LZe8E="></latexit><latexit sha1_base64="hcq44glPXArp4aNY4A6MC2LZe8E="></latexit>



Global Convergence Incremental EM Method

Theorem

where     is defined above and     is a uniform random 
variable on                           and independent 

of the

Under (A1)-(A4) for the iEM        for any

(A1) The function     is smooth and bounded on the 
interior of     , noted

For all                          ,                                  

and


(A2) The conditional distribution is smooth on 


(A3) The function 

admits a unique global minimum

Also,               is full rank and         is     -Lipschitz


Define:


(A4)                                     and


Assumptions

int(⇥)
<latexit sha1_base64="ap8yj2hs7/VqRvR6kppHGttjJUM="></latexit><latexit sha1_base64="ap8yj2hs7/VqRvR6kppHGttjJUM="></latexit><latexit sha1_base64="ap8yj2hs7/VqRvR6kppHGttjJUM="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="i5w5CtJtadp6CYU4inru41SL56E="></latexit><latexit sha1_base64="N3ZJK/vcwrWkVEShymarJikWm5E="></latexit><latexit sha1_base64="1D8AXgPuoJybmNSDp/bGUQ0gdzQ="></latexit><latexit sha1_base64="ap8yj2hs7/VqRvR6kppHGttjJUM="></latexit><latexit sha1_base64="ap8yj2hs7/VqRvR6kppHGttjJUM="></latexit><latexit sha1_base64="ap8yj2hs7/VqRvR6kppHGttjJUM="></latexit><latexit sha1_base64="ap8yj2hs7/VqRvR6kppHGttjJUM="></latexit><latexit sha1_base64="ap8yj2hs7/VqRvR6kppHGttjJUM="></latexit><latexit sha1_base64="ap8yj2hs7/VqRvR6kppHGttjJUM="></latexit>

int(⇥)
<latexit sha1_base64="ap8yj2hs7/VqRvR6kppHGttjJUM="></latexit><latexit sha1_base64="ap8yj2hs7/VqRvR6kppHGttjJUM="></latexit><latexit sha1_base64="ap8yj2hs7/VqRvR6kppHGttjJUM="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="i5w5CtJtadp6CYU4inru41SL56E="></latexit><latexit sha1_base64="N3ZJK/vcwrWkVEShymarJikWm5E="></latexit><latexit sha1_base64="1D8AXgPuoJybmNSDp/bGUQ0gdzQ="></latexit><latexit sha1_base64="ap8yj2hs7/VqRvR6kppHGttjJUM="></latexit><latexit sha1_base64="ap8yj2hs7/VqRvR6kppHGttjJUM="></latexit><latexit sha1_base64="ap8yj2hs7/VqRvR6kppHGttjJUM="></latexit><latexit sha1_base64="ap8yj2hs7/VqRvR6kppHGttjJUM="></latexit><latexit sha1_base64="ap8yj2hs7/VqRvR6kppHGttjJUM="></latexit><latexit sha1_base64="ap8yj2hs7/VqRvR6kppHGttjJUM="></latexit>

�
<latexit sha1_base64="stdZrQ8XLCFbBMC5iZ7AF/17TKc="></latexit><latexit sha1_base64="stdZrQ8XLCFbBMC5iZ7AF/17TKc="></latexit><latexit sha1_base64="stdZrQ8XLCFbBMC5iZ7AF/17TKc="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="hn1GlESFqbxS3Q2fRkya9oGK7pE="></latexit><latexit sha1_base64="NV+W/IdNARJAXONqFQFTazGHFkg="></latexit><latexit sha1_base64="AYSAA6ti6d2XI12sgCpfMEwZtes="></latexit><latexit sha1_base64="stdZrQ8XLCFbBMC5iZ7AF/17TKc="></latexit><latexit sha1_base64="stdZrQ8XLCFbBMC5iZ7AF/17TKc="></latexit><latexit sha1_base64="stdZrQ8XLCFbBMC5iZ7AF/17TKc="></latexit><latexit sha1_base64="stdZrQ8XLCFbBMC5iZ7AF/17TKc="></latexit><latexit sha1_base64="stdZrQ8XLCFbBMC5iZ7AF/17TKc="></latexit><latexit sha1_base64="stdZrQ8XLCFbBMC5iZ7AF/17TKc="></latexit>

(✓, ✓0) 2 int(⇥)
<latexit sha1_base64="eReoTJyORJmvfcM2cA6+rA6JTM4="></latexit><latexit sha1_base64="eReoTJyORJmvfcM2cA6+rA6JTM4="></latexit><latexit sha1_base64="eReoTJyORJmvfcM2cA6+rA6JTM4="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="5Ey+EMLDyF8T6tdt8P45LBk5cx4="></latexit><latexit sha1_base64="ggW/GleSgtUkrcx+mrLvR6HY2eg="></latexit><latexit sha1_base64="1nLY3cdZC1foFNbkEy9EzCHr+JY="></latexit><latexit sha1_base64="eReoTJyORJmvfcM2cA6+rA6JTM4="></latexit><latexit sha1_base64="eReoTJyORJmvfcM2cA6+rA6JTM4="></latexit><latexit sha1_base64="eReoTJyORJmvfcM2cA6+rA6JTM4="></latexit><latexit sha1_base64="eReoTJyORJmvfcM2cA6+rA6JTM4="></latexit><latexit sha1_base64="eReoTJyORJmvfcM2cA6+rA6JTM4="></latexit><latexit sha1_base64="eReoTJyORJmvfcM2cA6+rA6JTM4="></latexit>

��J✓�(✓)� J✓�
�
✓0���  L�

��✓ � ✓0��
<latexit sha1_base64="6lblyN6iT7HUv2IGNELH9UwepYY="></latexit><latexit sha1_base64="6lblyN6iT7HUv2IGNELH9UwepYY="></latexit><latexit sha1_base64="6lblyN6iT7HUv2IGNELH9UwepYY="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="gHXqSsju322Eec6YfdH89Q7qmQc="></latexit><latexit sha1_base64="op3nLsvpa5Ef4VZ1FmN0itnHV5g="></latexit><latexit sha1_base64="33m6dpa9QEm+wxrFjnQnt/cVw4k="></latexit><latexit sha1_base64="6lblyN6iT7HUv2IGNELH9UwepYY="></latexit><latexit sha1_base64="6lblyN6iT7HUv2IGNELH9UwepYY="></latexit><latexit sha1_base64="6lblyN6iT7HUv2IGNELH9UwepYY="></latexit><latexit sha1_base64="6lblyN6iT7HUv2IGNELH9UwepYY="></latexit><latexit sha1_base64="6lblyN6iT7HUv2IGNELH9UwepYY="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="gHXqSsju322Eec6YfdH89Q7qmQc="></latexit><latexit sha1_base64="op3nLsvpa5Ef4VZ1FmN0itnHV5g="></latexit><latexit sha1_base64="33m6dpa9QEm+wxrFjnQnt/cVw4k="></latexit><latexit sha1_base64="6lblyN6iT7HUv2IGNELH9UwepYY="></latexit><latexit sha1_base64="6lblyN6iT7HUv2IGNELH9UwepYY="></latexit><latexit sha1_base64="6lblyN6iT7HUv2IGNELH9UwepYY="></latexit><latexit sha1_base64="6lblyN6iT7HUv2IGNELH9UwepYY="></latexit><latexit sha1_base64="6lblyN6iT7HUv2IGNELH9UwepYY="></latexit><latexit sha1_base64="6lblyN6iT7HUv2IGNELH9UwepYY="></latexit>��J✓� (✓0)

��  C�
<latexit sha1_base64="Kf8q2PpTG3KaezN4ZQL0RdTXwGg="></latexit><latexit sha1_base64="Kf8q2PpTG3KaezN4ZQL0RdTXwGg="></latexit><latexit sha1_base64="Kf8q2PpTG3KaezN4ZQL0RdTXwGg="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="VmXU7UWUL+3EKsHwWKoPGdA9Mr0="></latexit><latexit sha1_base64="/Rpkftz23O7GNWZF5T1gB7wjgeM="></latexit><latexit sha1_base64="j0GCOM6qESYK5M8A8AaCu/GteM4="></latexit><latexit sha1_base64="Kf8q2PpTG3KaezN4ZQL0RdTXwGg="></latexit><latexit sha1_base64="Kf8q2PpTG3KaezN4ZQL0RdTXwGg="></latexit><latexit sha1_base64="Kf8q2PpTG3KaezN4ZQL0RdTXwGg="></latexit><latexit sha1_base64="Kf8q2PpTG3KaezN4ZQL0RdTXwGg="></latexit><latexit sha1_base64="Kf8q2PpTG3KaezN4ZQL0RdTXwGg="></latexit><latexit sha1_base64="Kf8q2PpTG3KaezN4ZQL0RdTXwGg="></latexit>

int(⇥)
<latexit sha1_base64="ap8yj2hs7/VqRvR6kppHGttjJUM="></latexit><latexit sha1_base64="ap8yj2hs7/VqRvR6kppHGttjJUM="></latexit><latexit sha1_base64="ap8yj2hs7/VqRvR6kppHGttjJUM="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="i5w5CtJtadp6CYU4inru41SL56E="></latexit><latexit sha1_base64="N3ZJK/vcwrWkVEShymarJikWm5E="></latexit><latexit sha1_base64="1D8AXgPuoJybmNSDp/bGUQ0gdzQ="></latexit><latexit sha1_base64="ap8yj2hs7/VqRvR6kppHGttjJUM="></latexit><latexit sha1_base64="ap8yj2hs7/VqRvR6kppHGttjJUM="></latexit><latexit sha1_base64="ap8yj2hs7/VqRvR6kppHGttjJUM="></latexit><latexit sha1_base64="ap8yj2hs7/VqRvR6kppHGttjJUM="></latexit><latexit sha1_base64="ap8yj2hs7/VqRvR6kppHGttjJUM="></latexit><latexit sha1_base64="ap8yj2hs7/VqRvR6kppHGttjJUM="></latexit>��p (z|yi;✓)� p

�
z|yi;✓0���  Lp

��✓ � ✓0��
<latexit sha1_base64="SSC01p7OmLjcN1ch45TqDLB7WZY="></latexit><latexit sha1_base64="SSC01p7OmLjcN1ch45TqDLB7WZY="></latexit><latexit sha1_base64="SSC01p7OmLjcN1ch45TqDLB7WZY="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="ZDzKJOI4XiSZBL/isCu3a4VhlCE="></latexit><latexit sha1_base64="pvfL38yuDqt0rpBhDkrYzl3OusE="></latexit><latexit sha1_base64="wpCKt7NNtsXuXnFkkzmUt5wkQj0="></latexit><latexit sha1_base64="SSC01p7OmLjcN1ch45TqDLB7WZY="></latexit><latexit sha1_base64="SSC01p7OmLjcN1ch45TqDLB7WZY="></latexit><latexit sha1_base64="SSC01p7OmLjcN1ch45TqDLB7WZY="></latexit><latexit sha1_base64="SSC01p7OmLjcN1ch45TqDLB7WZY="></latexit><latexit sha1_base64="SSC01p7OmLjcN1ch45TqDLB7WZY="></latexit><latexit sha1_base64="SSC01p7OmLjcN1ch45TqDLB7WZY="></latexit>

✓ ! L(s; ✓) := R(✓) +  (✓)� hs|�(✓)i
<latexit sha1_base64="6RXZyyEEgz03+rSB4PY9fKDOuMQ="></latexit><latexit sha1_base64="6RXZyyEEgz03+rSB4PY9fKDOuMQ="></latexit><latexit sha1_base64="6RXZyyEEgz03+rSB4PY9fKDOuMQ="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="XwCwyoVLM79pLhgyfg4Pw2tiHmM="></latexit><latexit sha1_base64="oV1PKlfFt/Tt4KW9H9UVj0SUjo8="></latexit><latexit sha1_base64="W+pKlR2BsLctdU5keOwwU+tdYEM="></latexit><latexit sha1_base64="6RXZyyEEgz03+rSB4PY9fKDOuMQ="></latexit><latexit sha1_base64="6RXZyyEEgz03+rSB4PY9fKDOuMQ="></latexit><latexit sha1_base64="6RXZyyEEgz03+rSB4PY9fKDOuMQ="></latexit><latexit sha1_base64="6RXZyyEEgz03+rSB4PY9fKDOuMQ="></latexit><latexit sha1_base64="6RXZyyEEgz03+rSB4PY9fKDOuMQ="></latexit><latexit sha1_base64="6RXZyyEEgz03+rSB4PY9fKDOuMQ="></latexit>

L✓
<latexit sha1_base64="R4+0PPrA3CZ1BO/Y7zlwZgf5Vs8="></latexit><latexit sha1_base64="R4+0PPrA3CZ1BO/Y7zlwZgf5Vs8="></latexit><latexit sha1_base64="R4+0PPrA3CZ1BO/Y7zlwZgf5Vs8="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="YInWFbmqYDAMmgkd0tfsdZbpPpI="></latexit><latexit sha1_base64="H9VWAG9SqkVvp2fFwvh0iG4eNl4="></latexit><latexit sha1_base64="x97+/CGBuwYnkpGRcIFdxDe/vy0="></latexit><latexit sha1_base64="R4+0PPrA3CZ1BO/Y7zlwZgf5Vs8="></latexit><latexit sha1_base64="R4+0PPrA3CZ1BO/Y7zlwZgf5Vs8="></latexit><latexit sha1_base64="R4+0PPrA3CZ1BO/Y7zlwZgf5Vs8="></latexit><latexit sha1_base64="R4+0PPrA3CZ1BO/Y7zlwZgf5Vs8="></latexit><latexit sha1_base64="R4+0PPrA3CZ1BO/Y7zlwZgf5Vs8="></latexit><latexit sha1_base64="R4+0PPrA3CZ1BO/Y7zlwZgf5Vs8="></latexit>

J✓�(✓(s))
<latexit sha1_base64="C4RreJoDiz4V0wZZG0kUDd9uXKg="></latexit><latexit sha1_base64="C4RreJoDiz4V0wZZG0kUDd9uXKg="></latexit><latexit sha1_base64="C4RreJoDiz4V0wZZG0kUDd9uXKg="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="mUn2D+GgYgya2D8E1aXdQ+qwLsM="></latexit><latexit sha1_base64="lRUVIL6DqlhB6mgI8a62FhGOXUQ="></latexit><latexit sha1_base64="u4rKszoaC0F9ulMYoZeal8sITMU="></latexit><latexit sha1_base64="C4RreJoDiz4V0wZZG0kUDd9uXKg="></latexit><latexit sha1_base64="C4RreJoDiz4V0wZZG0kUDd9uXKg="></latexit><latexit sha1_base64="C4RreJoDiz4V0wZZG0kUDd9uXKg="></latexit><latexit sha1_base64="C4RreJoDiz4V0wZZG0kUDd9uXKg="></latexit><latexit sha1_base64="C4RreJoDiz4V0wZZG0kUDd9uXKg="></latexit><latexit sha1_base64="C4RreJoDiz4V0wZZG0kUDd9uXKg="></latexit>

J✓�(✓(s))
<latexit sha1_base64="C4RreJoDiz4V0wZZG0kUDd9uXKg="></latexit><latexit sha1_base64="C4RreJoDiz4V0wZZG0kUDd9uXKg="></latexit><latexit sha1_base64="C4RreJoDiz4V0wZZG0kUDd9uXKg="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="mUn2D+GgYgya2D8E1aXdQ+qwLsM="></latexit><latexit sha1_base64="lRUVIL6DqlhB6mgI8a62FhGOXUQ="></latexit><latexit sha1_base64="u4rKszoaC0F9ulMYoZeal8sITMU="></latexit><latexit sha1_base64="C4RreJoDiz4V0wZZG0kUDd9uXKg="></latexit><latexit sha1_base64="C4RreJoDiz4V0wZZG0kUDd9uXKg="></latexit><latexit sha1_base64="C4RreJoDiz4V0wZZG0kUDd9uXKg="></latexit><latexit sha1_base64="C4RreJoDiz4V0wZZG0kUDd9uXKg="></latexit><latexit sha1_base64="C4RreJoDiz4V0wZZG0kUDd9uXKg="></latexit><latexit sha1_base64="C4RreJoDiz4V0wZZG0kUDd9uXKg="></latexit>

B(s) := J
✓
�(✓(s))

�
H

✓
L(s,✓(s))

��1
J
✓
�(✓(s))

>
<latexit sha1_base64="X/4W1gPWGlo04BF60kdo593st1k="></latexit><latexit sha1_base64="X/4W1gPWGlo04BF60kdo593st1k="></latexit><latexit sha1_base64="X/4W1gPWGlo04BF60kdo593st1k="></latexit><latexit sha1_base64="X/4W1gPWGlo04BF60kdo593st1k="></latexit>

vmax := sup
s2S

kB(s)k < 1
<latexit sha1_base64="bFhGS206DcKehjy62Wch23XiUkY="></latexit><latexit sha1_base64="bFhGS206DcKehjy62Wch23XiUkY="></latexit><latexit sha1_base64="bFhGS206DcKehjy62Wch23XiUkY="></latexit><latexit sha1_base64="bFhGS206DcKehjy62Wch23XiUkY="></latexit>

0 < vmin := inf
s2S

�min(B(s))
<latexit sha1_base64="BaPvp5VGDMcgEQ8IgY0qrQqNxXo="></latexit><latexit sha1_base64="BaPvp5VGDMcgEQ8IgY0qrQqNxXo="></latexit><latexit sha1_base64="BaPvp5VGDMcgEQ8IgY0qrQqNxXo="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="FfjN0Zvdpbrof7Rfl17J4b8NRN8="></latexit><latexit sha1_base64="7uyduafLY7UPhREIaP9O2cgIqeQ="></latexit><latexit sha1_base64="PQ11Ll2cRYcql49c+OAZ0Pb4k7k="></latexit><latexit sha1_base64="BaPvp5VGDMcgEQ8IgY0qrQqNxXo="></latexit><latexit sha1_base64="BaPvp5VGDMcgEQ8IgY0qrQqNxXo="></latexit><latexit sha1_base64="BaPvp5VGDMcgEQ8IgY0qrQqNxXo="></latexit><latexit sha1_base64="BaPvp5VGDMcgEQ8IgY0qrQqNxXo="></latexit><latexit sha1_base64="BaPvp5VGDMcgEQ8IgY0qrQqNxXo="></latexit><latexit sha1_base64="BaPvp5VGDMcgEQ8IgY0qrQqNxXo="></latexit>

kB(s)�B (s0)k  LBks� s0|
<latexit sha1_base64="XgrB649ENmPrp1JZbFI8UFYRRIw="></latexit><latexit sha1_base64="XgrB649ENmPrp1JZbFI8UFYRRIw="></latexit><latexit sha1_base64="XgrB649ENmPrp1JZbFI8UFYRRIw="></latexit><latexit sha1_base64="XgrB649ENmPrp1JZbFI8UFYRRIw="></latexit>

[1] Kmax � 1
<latexit sha1_base64="xjyCchC6YkbiW/CO3cEx3dbU8Lg="></latexit><latexit sha1_base64="xjyCchC6YkbiW/CO3cEx3dbU8Lg="></latexit><latexit sha1_base64="xjyCchC6YkbiW/CO3cEx3dbU8Lg="></latexit><latexit sha1_base64="xjyCchC6YkbiW/CO3cEx3dbU8Lg="></latexit>
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⇣
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⌘
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⇣
✓̂
(Kmax)

⌘i

<latexit sha1_base64="0LScMe1sSBLl7OGQ0VP6IcIwkUw="></latexit><latexit sha1_base64="0LScMe1sSBLl7OGQ0VP6IcIwkUw="></latexit><latexit sha1_base64="0LScMe1sSBLl7OGQ0VP6IcIwkUw="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="IcFRPwnHKBm4beTB5wJ6TQTSFSw="></latexit><latexit sha1_base64="oodzK9M9evjTh+zWiyAf/6qcwC4="></latexit><latexit sha1_base64="oCaAVnf/kEespSDsuMSO4nLGhSg="></latexit><latexit sha1_base64="0LScMe1sSBLl7OGQ0VP6IcIwkUw="></latexit><latexit sha1_base64="0LScMe1sSBLl7OGQ0VP6IcIwkUw="></latexit><latexit sha1_base64="0LScMe1sSBLl7OGQ0VP6IcIwkUw="></latexit><latexit sha1_base64="0LScMe1sSBLl7OGQ0VP6IcIwkUw="></latexit><latexit sha1_base64="0LScMe1sSBLl7OGQ0VP6IcIwkUw="></latexit><latexit sha1_base64="0LScMe1sSBLl7OGQ0VP6IcIwkUw="></latexit>

K
<latexit sha1_base64="KwzCDSB+DW1bpQ+6Ssf+SnWiauw="></latexit><latexit sha1_base64="KwzCDSB+DW1bpQ+6Ssf+SnWiauw="></latexit><latexit sha1_base64="KwzCDSB+DW1bpQ+6Ssf+SnWiauw="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="zBoM3bFlbYzYntjDfUw7IP4y+9E="></latexit><latexit sha1_base64="gygRnWNQ+dgvS2frSQTZKEPpKhU="></latexit><latexit sha1_base64="hi8EMTNCLr5voK+7O+Ih7k+3c/Y="></latexit><latexit sha1_base64="KwzCDSB+DW1bpQ+6Ssf+SnWiauw="></latexit><latexit sha1_base64="KwzCDSB+DW1bpQ+6Ssf+SnWiauw="></latexit><latexit sha1_base64="KwzCDSB+DW1bpQ+6Ssf+SnWiauw="></latexit><latexit sha1_base64="KwzCDSB+DW1bpQ+6Ssf+SnWiauw="></latexit><latexit sha1_base64="KwzCDSB+DW1bpQ+6Ssf+SnWiauw="></latexit><latexit sha1_base64="KwzCDSB+DW1bpQ+6Ssf+SnWiauw="></latexit>

[0,Kmax � 1]
<latexit sha1_base64="ARc0ToUi9vJf49LRa8njJxga9RE="></latexit><latexit sha1_base64="ARc0ToUi9vJf49LRa8njJxga9RE="></latexit><latexit sha1_base64="ARc0ToUi9vJf49LRa8njJxga9RE="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="g2d+IkvnkyEjM3zgjnF9utaGJNs="></latexit><latexit sha1_base64="M+g9tDzjtDZuay/ZiGbvxs6Dn0o="></latexit><latexit sha1_base64="O+gdzzsn+8AoEiG796DRcMqXOfM="></latexit><latexit sha1_base64="ARc0ToUi9vJf49LRa8njJxga9RE="></latexit><latexit sha1_base64="ARc0ToUi9vJf49LRa8njJxga9RE="></latexit><latexit sha1_base64="ARc0ToUi9vJf49LRa8njJxga9RE="></latexit><latexit sha1_base64="ARc0ToUi9vJf49LRa8njJxga9RE="></latexit><latexit sha1_base64="ARc0ToUi9vJf49LRa8njJxga9RE="></latexit><latexit sha1_base64="ARc0ToUi9vJf49LRa8njJxga9RE="></latexit>

{ik}Kmax
k=0

<latexit sha1_base64="cGogeglw1Ybmp1eaHb5IkiCGYlU="></latexit><latexit sha1_base64="cGogeglw1Ybmp1eaHb5IkiCGYlU="></latexit><latexit sha1_base64="cGogeglw1Ybmp1eaHb5IkiCGYlU="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="qx47sVb34Wbulb16ht6xsLqW9to="></latexit><latexit sha1_base64="/GKtDDVI2nHSxke1pTHFzABlN3M="></latexit><latexit sha1_base64="1xRyoanHzXhoznN3s6mbK+jtbtM="></latexit><latexit sha1_base64="cGogeglw1Ybmp1eaHb5IkiCGYlU="></latexit><latexit sha1_base64="cGogeglw1Ybmp1eaHb5IkiCGYlU="></latexit><latexit sha1_base64="cGogeglw1Ybmp1eaHb5IkiCGYlU="></latexit><latexit sha1_base64="cGogeglw1Ybmp1eaHb5IkiCGYlU="></latexit><latexit sha1_base64="cGogeglw1Ybmp1eaHb5IkiCGYlU="></latexit><latexit sha1_base64="cGogeglw1Ybmp1eaHb5IkiCGYlU="></latexit>

Le
<latexit sha1_base64="Dj7SDKoIsdRPBut49Ff6taWSBYA="></latexit><latexit sha1_base64="Dj7SDKoIsdRPBut49Ff6taWSBYA="></latexit><latexit sha1_base64="Dj7SDKoIsdRPBut49Ff6taWSBYA="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="j5+zKoBkYMQ+Bjaf7BB48IvjRbg="></latexit><latexit sha1_base64="divmVK2IqCtwvHQfG1cRPI9hxe8="></latexit><latexit sha1_base64="Nby+Jduw1txvO17d9UixY8qpG/E="></latexit><latexit sha1_base64="Dj7SDKoIsdRPBut49Ff6taWSBYA="></latexit><latexit sha1_base64="Dj7SDKoIsdRPBut49Ff6taWSBYA="></latexit><latexit sha1_base64="Dj7SDKoIsdRPBut49Ff6taWSBYA="></latexit><latexit sha1_base64="Dj7SDKoIsdRPBut49Ff6taWSBYA="></latexit><latexit sha1_base64="Dj7SDKoIsdRPBut49Ff6taWSBYA="></latexit><latexit sha1_base64="Dj7SDKoIsdRPBut49Ff6taWSBYA="></latexit>

Lemma
Under (A1)-(A4), define

We have


where 

ei
�
✓;✓0� := Qi

�
✓;✓0�� Li(✓)

<latexit sha1_base64="BtX8hInGQilqFlsewl5KO9Bk3eU="></latexit><latexit sha1_base64="BtX8hInGQilqFlsewl5KO9Bk3eU="></latexit><latexit sha1_base64="BtX8hInGQilqFlsewl5KO9Bk3eU="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="ERNIpn7aCaEWvEnuyiU6R0xIWVE="></latexit><latexit sha1_base64="02xpw8q+8lB8mVMsGcvpBtKLB1M="></latexit><latexit sha1_base64="87Lk0mRUeUdlx/OW17DIBmqfk2Y="></latexit><latexit sha1_base64="BtX8hInGQilqFlsewl5KO9Bk3eU="></latexit><latexit sha1_base64="BtX8hInGQilqFlsewl5KO9Bk3eU="></latexit><latexit sha1_base64="BtX8hInGQilqFlsewl5KO9Bk3eU="></latexit><latexit sha1_base64="BtX8hInGQilqFlsewl5KO9Bk3eU="></latexit><latexit sha1_base64="BtX8hInGQilqFlsewl5KO9Bk3eU="></latexit><latexit sha1_base64="BtX8hInGQilqFlsewl5KO9Bk3eU="></latexit>

��rei
�
✓;✓0��rei

�
✓;✓0���  Lek✓ � ✓k

<latexit sha1_base64="ATMOJffNJkGHjidC1q9KVvZb4W8="></latexit><latexit sha1_base64="ATMOJffNJkGHjidC1q9KVvZb4W8="></latexit><latexit sha1_base64="ATMOJffNJkGHjidC1q9KVvZb4W8="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="heboZA8WlXfEqdfSR7/fCiiufeg="></latexit><latexit sha1_base64="cpS3Q93gg3r7RywGmOYOI+C0CPw="></latexit><latexit sha1_base64="HpvFbAd+tYFKJJy4fyksgqgiuto="></latexit><latexit sha1_base64="ATMOJffNJkGHjidC1q9KVvZb4W8="></latexit><latexit sha1_base64="ATMOJffNJkGHjidC1q9KVvZb4W8="></latexit><latexit sha1_base64="ATMOJffNJkGHjidC1q9KVvZb4W8="></latexit><latexit sha1_base64="ATMOJffNJkGHjidC1q9KVvZb4W8="></latexit><latexit sha1_base64="ATMOJffNJkGHjidC1q9KVvZb4W8="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="heboZA8WlXfEqdfSR7/fCiiufeg="></latexit><latexit sha1_base64="cpS3Q93gg3r7RywGmOYOI+C0CPw="></latexit><latexit sha1_base64="HpvFbAd+tYFKJJy4fyksgqgiuto="></latexit><latexit sha1_base64="ATMOJffNJkGHjidC1q9KVvZb4W8="></latexit><latexit sha1_base64="ATMOJffNJkGHjidC1q9KVvZb4W8="></latexit><latexit sha1_base64="ATMOJffNJkGHjidC1q9KVvZb4W8="></latexit><latexit sha1_base64="ATMOJffNJkGHjidC1q9KVvZb4W8="></latexit><latexit sha1_base64="ATMOJffNJkGHjidC1q9KVvZb4W8="></latexit><latexit sha1_base64="ATMOJffNJkGHjidC1q9KVvZb4W8="></latexit>

Le := C�CZLp + CSL�
<latexit sha1_base64="scz49Yye2Q8pHIoJXa/Ly19W9OA="></latexit><latexit sha1_base64="scz49Yye2Q8pHIoJXa/Ly19W9OA="></latexit><latexit sha1_base64="scz49Yye2Q8pHIoJXa/Ly19W9OA="></latexit><latexit sha1_base64="scz49Yye2Q8pHIoJXa/Ly19W9OA="></latexit>



Stochastic EM as Scaled Gradient Methods 
‣  From a (Scaled) Gradients Method point of view, we 
consider the minimization problem:

min
s2S

V (s) := L(✓(s)) = R(✓(s)) +
1

n

nX

i=1

Li(✓(s))
<latexit sha1_base64="enKBO/iM3j2EgkvtfrNzsRQ0C+c="></latexit><latexit sha1_base64="enKBO/iM3j2EgkvtfrNzsRQ0C+c="></latexit><latexit sha1_base64="enKBO/iM3j2EgkvtfrNzsRQ0C+c="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="x5iPPcUjGE6UhjQQW8LVpRtZ4Lc="></latexit><latexit sha1_base64="x5iPPcUjGE6UhjQQW8LVpRtZ4Lc="></latexit><latexit sha1_base64="6ineyy2/vSLwc2Jt7Wvu7cDvBbM="></latexit><latexit sha1_base64="enKBO/iM3j2EgkvtfrNzsRQ0C+c="></latexit><latexit sha1_base64="enKBO/iM3j2EgkvtfrNzsRQ0C+c="></latexit><latexit sha1_base64="enKBO/iM3j2EgkvtfrNzsRQ0C+c="></latexit><latexit sha1_base64="enKBO/iM3j2EgkvtfrNzsRQ0C+c="></latexit><latexit sha1_base64="enKBO/iM3j2EgkvtfrNzsRQ0C+c="></latexit><latexit sha1_base64="enKBO/iM3j2EgkvtfrNzsRQ0C+c="></latexit>

Theorem (sEM-VR) 

Lemma
Under (A1)-(A4), we have


where                        and  

��si(✓(s))� si
�
✓ (s0)

���  Ls ks� s0k , krV (s)�rV (s0)k  LV ks� s0k
<latexit sha1_base64="E0J3LFpVXgRwEFdn250hm7IcGrU="></latexit><latexit sha1_base64="E0J3LFpVXgRwEFdn250hm7IcGrU="></latexit><latexit sha1_base64="E0J3LFpVXgRwEFdn250hm7IcGrU="></latexit><latexit sha1_base64="E0J3LFpVXgRwEFdn250hm7IcGrU="></latexit>

��si(✓(s))� si
�
✓ (s0)

���  Ls ks� s0k , krV (s)�rV (s0)k  LV ks� s0k
<latexit sha1_base64="E0J3LFpVXgRwEFdn250hm7IcGrU="></latexit><latexit sha1_base64="E0J3LFpVXgRwEFdn250hm7IcGrU="></latexit><latexit sha1_base64="E0J3LFpVXgRwEFdn250hm7IcGrU="></latexit><latexit sha1_base64="E0J3LFpVXgRwEFdn250hm7IcGrU="></latexit>

Ls := CZLpL✓
<latexit sha1_base64="DuKqDm9fwDjsJU07qwRW3/ksCVc="></latexit><latexit sha1_base64="DuKqDm9fwDjsJU07qwRW3/ksCVc="></latexit><latexit sha1_base64="DuKqDm9fwDjsJU07qwRW3/ksCVc="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="z8QbLJ1G2gL0OT+QdSpRpT5zAfY="></latexit><latexit sha1_base64="z8QbLJ1G2gL0OT+QdSpRpT5zAfY="></latexit><latexit sha1_base64="IRaW+Q2S0KnhStCuwHO5DmAuPJE="></latexit><latexit sha1_base64="DuKqDm9fwDjsJU07qwRW3/ksCVc="></latexit><latexit sha1_base64="DuKqDm9fwDjsJU07qwRW3/ksCVc="></latexit><latexit sha1_base64="DuKqDm9fwDjsJU07qwRW3/ksCVc="></latexit><latexit sha1_base64="DuKqDm9fwDjsJU07qwRW3/ksCVc="></latexit><latexit sha1_base64="DuKqDm9fwDjsJU07qwRW3/ksCVc="></latexit><latexit sha1_base64="DuKqDm9fwDjsJU07qwRW3/ksCVc="></latexit>

LV := vmax (1 + Ls) + LBCS
<latexit sha1_base64="/2hfRdQvvm1+qYWuZR2reFc2Q40="></latexit><latexit sha1_base64="/2hfRdQvvm1+qYWuZR2reFc2Q40="></latexit><latexit sha1_base64="/2hfRdQvvm1+qYWuZR2reFc2Q40="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="W7xrzC2QlvMFjZ+JMqJt6HKwv7U="></latexit><latexit sha1_base64="W7xrzC2QlvMFjZ+JMqJt6HKwv7U="></latexit><latexit sha1_base64="f5QYK1MTJZ/e9UbSpp/CpKCJ7bU="></latexit><latexit sha1_base64="/2hfRdQvvm1+qYWuZR2reFc2Q40="></latexit><latexit sha1_base64="/2hfRdQvvm1+qYWuZR2reFc2Q40="></latexit><latexit sha1_base64="/2hfRdQvvm1+qYWuZR2reFc2Q40="></latexit><latexit sha1_base64="/2hfRdQvvm1+qYWuZR2reFc2Q40="></latexit><latexit sha1_base64="/2hfRdQvvm1+qYWuZR2reFc2Q40="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="W7xrzC2QlvMFjZ+JMqJt6HKwv7U="></latexit><latexit sha1_base64="W7xrzC2QlvMFjZ+JMqJt6HKwv7U="></latexit><latexit sha1_base64="f5QYK1MTJZ/e9UbSpp/CpKCJ7bU="></latexit><latexit sha1_base64="/2hfRdQvvm1+qYWuZR2reFc2Q40="></latexit><latexit sha1_base64="/2hfRdQvvm1+qYWuZR2reFc2Q40="></latexit><latexit sha1_base64="/2hfRdQvvm1+qYWuZR2reFc2Q40="></latexit><latexit sha1_base64="/2hfRdQvvm1+qYWuZR2reFc2Q40="></latexit><latexit sha1_base64="/2hfRdQvvm1+qYWuZR2reFc2Q40="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="W7xrzC2QlvMFjZ+JMqJt6HKwv7U="></latexit><latexit sha1_base64="W7xrzC2QlvMFjZ+JMqJt6HKwv7U="></latexit><latexit sha1_base64="f5QYK1MTJZ/e9UbSpp/CpKCJ7bU="></latexit><latexit sha1_base64="/2hfRdQvvm1+qYWuZR2reFc2Q40="></latexit><latexit sha1_base64="/2hfRdQvvm1+qYWuZR2reFc2Q40="></latexit><latexit sha1_base64="/2hfRdQvvm1+qYWuZR2reFc2Q40="></latexit><latexit sha1_base64="/2hfRdQvvm1+qYWuZR2reFc2Q40="></latexit><latexit sha1_base64="/2hfRdQvvm1+qYWuZR2reFc2Q40="></latexit><latexit sha1_base64="/2hfRdQvvm1+qYWuZR2reFc2Q40="></latexit>

There exists a constant                     such that if


Then:

µ 2 (0, 1)
<latexit sha1_base64="UCPy7+T6LfpIPCWAQc8BXJNxkRs="></latexit><latexit sha1_base64="UCPy7+T6LfpIPCWAQc8BXJNxkRs="></latexit><latexit sha1_base64="UCPy7+T6LfpIPCWAQc8BXJNxkRs="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="CT1ZIitmcHMus7T/nedMqa3GqPU="></latexit><latexit sha1_base64="CT1ZIitmcHMus7T/nedMqa3GqPU="></latexit><latexit sha1_base64="KChYEu3dUb+Bxoeli4r8MCRqOZE="></latexit><latexit sha1_base64="UCPy7+T6LfpIPCWAQc8BXJNxkRs="></latexit><latexit sha1_base64="UCPy7+T6LfpIPCWAQc8BXJNxkRs="></latexit><latexit sha1_base64="UCPy7+T6LfpIPCWAQc8BXJNxkRs="></latexit><latexit sha1_base64="UCPy7+T6LfpIPCWAQc8BXJNxkRs="></latexit><latexit sha1_base64="UCPy7+T6LfpIPCWAQc8BXJNxkRs="></latexit><latexit sha1_base64="UCPy7+T6LfpIPCWAQc8BXJNxkRs="></latexit>

m =
n

2µ2v2min + µ
<latexit sha1_base64="yixKif6WSC45GgqGEYofuxh1ld0="></latexit><latexit sha1_base64="yixKif6WSC45GgqGEYofuxh1ld0="></latexit><latexit sha1_base64="yixKif6WSC45GgqGEYofuxh1ld0="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="T4Zf1zmyptV9QJu2xRGyu+YOevI="></latexit><latexit sha1_base64="T4Zf1zmyptV9QJu2xRGyu+YOevI="></latexit><latexit sha1_base64="RZFEfSiFN1++nIuL4gZfxDkUMQE="></latexit><latexit sha1_base64="yixKif6WSC45GgqGEYofuxh1ld0="></latexit><latexit sha1_base64="yixKif6WSC45GgqGEYofuxh1ld0="></latexit><latexit sha1_base64="yixKif6WSC45GgqGEYofuxh1ld0="></latexit><latexit sha1_base64="yixKif6WSC45GgqGEYofuxh1ld0="></latexit><latexit sha1_base64="yixKif6WSC45GgqGEYofuxh1ld0="></latexit><latexit sha1_base64="yixKif6WSC45GgqGEYofuxh1ld0="></latexit>
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<latexit sha1_base64="VIG/dX6+Nj/cAbuMC5PW41KxJ0E="></latexit><latexit sha1_base64="VIG/dX6+Nj/cAbuMC5PW41KxJ0E="></latexit><latexit sha1_base64="VIG/dX6+Nj/cAbuMC5PW41KxJ0E="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="oJhMIb/XizJsBvxarqGEHgH8V6U="></latexit><latexit sha1_base64="oJhMIb/XizJsBvxarqGEHgH8V6U="></latexit><latexit sha1_base64="sASyTRAkj45/+ZxaVO+dGL/72lA="></latexit><latexit sha1_base64="VIG/dX6+Nj/cAbuMC5PW41KxJ0E="></latexit><latexit sha1_base64="VIG/dX6+Nj/cAbuMC5PW41KxJ0E="></latexit><latexit sha1_base64="VIG/dX6+Nj/cAbuMC5PW41KxJ0E="></latexit><latexit sha1_base64="VIG/dX6+Nj/cAbuMC5PW41KxJ0E="></latexit><latexit sha1_base64="VIG/dX6+Nj/cAbuMC5PW41KxJ0E="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="oJhMIb/XizJsBvxarqGEHgH8V6U="></latexit><latexit sha1_base64="oJhMIb/XizJsBvxarqGEHgH8V6U="></latexit><latexit sha1_base64="sASyTRAkj45/+ZxaVO+dGL/72lA="></latexit><latexit sha1_base64="VIG/dX6+Nj/cAbuMC5PW41KxJ0E="></latexit><latexit sha1_base64="VIG/dX6+Nj/cAbuMC5PW41KxJ0E="></latexit><latexit sha1_base64="VIG/dX6+Nj/cAbuMC5PW41KxJ0E="></latexit><latexit sha1_base64="VIG/dX6+Nj/cAbuMC5PW41KxJ0E="></latexit><latexit sha1_base64="VIG/dX6+Nj/cAbuMC5PW41KxJ0E="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="oJhMIb/XizJsBvxarqGEHgH8V6U="></latexit><latexit sha1_base64="oJhMIb/XizJsBvxarqGEHgH8V6U="></latexit><latexit sha1_base64="sASyTRAkj45/+ZxaVO+dGL/72lA="></latexit><latexit sha1_base64="VIG/dX6+Nj/cAbuMC5PW41KxJ0E="></latexit><latexit sha1_base64="VIG/dX6+Nj/cAbuMC5PW41KxJ0E="></latexit><latexit sha1_base64="VIG/dX6+Nj/cAbuMC5PW41KxJ0E="></latexit><latexit sha1_base64="VIG/dX6+Nj/cAbuMC5PW41KxJ0E="></latexit><latexit sha1_base64="VIG/dX6+Nj/cAbuMC5PW41KxJ0E="></latexit><latexit sha1_base64="VIG/dX6+Nj/cAbuMC5PW41KxJ0E="></latexit>

� =
µvmin

Lvn2/3
<latexit sha1_base64="VER6yZrHo961y5FNnhI+yXhKGFc="></latexit><latexit sha1_base64="VER6yZrHo961y5FNnhI+yXhKGFc="></latexit><latexit sha1_base64="VER6yZrHo961y5FNnhI+yXhKGFc="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="DtCQ8e4cavRErDcI8BUXsTB3kzc="></latexit><latexit sha1_base64="DtCQ8e4cavRErDcI8BUXsTB3kzc="></latexit><latexit sha1_base64="NwbVhtgda8uIY8YSbSaFVE6Eyzo="></latexit><latexit sha1_base64="VER6yZrHo961y5FNnhI+yXhKGFc="></latexit><latexit sha1_base64="VER6yZrHo961y5FNnhI+yXhKGFc="></latexit><latexit sha1_base64="VER6yZrHo961y5FNnhI+yXhKGFc="></latexit><latexit sha1_base64="VER6yZrHo961y5FNnhI+yXhKGFc="></latexit><latexit sha1_base64="VER6yZrHo961y5FNnhI+yXhKGFc="></latexit><latexit sha1_base64="VER6yZrHo961y5FNnhI+yXhKGFc="></latexit>

Lv := max(LV , Ls)
<latexit sha1_base64="7GLbbskzLoescBE2nQczvnHTmDA="></latexit><latexit sha1_base64="7GLbbskzLoescBE2nQczvnHTmDA="></latexit><latexit sha1_base64="7GLbbskzLoescBE2nQczvnHTmDA="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="GZ4kWwy0gFh7JH3YKnM+URZ14zI="></latexit><latexit sha1_base64="GZ4kWwy0gFh7JH3YKnM+URZ14zI="></latexit><latexit sha1_base64="skVn6/Ahb+O7v83Z8b0YZUQSIjs="></latexit><latexit sha1_base64="7GLbbskzLoescBE2nQczvnHTmDA="></latexit><latexit sha1_base64="7GLbbskzLoescBE2nQczvnHTmDA="></latexit><latexit sha1_base64="7GLbbskzLoescBE2nQczvnHTmDA="></latexit><latexit sha1_base64="7GLbbskzLoescBE2nQczvnHTmDA="></latexit><latexit sha1_base64="7GLbbskzLoescBE2nQczvnHTmDA="></latexit><latexit sha1_base64="7GLbbskzLoescBE2nQczvnHTmDA="></latexit>

Theorem (fiEM) 
There exists a constant                     such that if


Then:

µ 2 (0, 1)
<latexit sha1_base64="UCPy7+T6LfpIPCWAQc8BXJNxkRs="></latexit><latexit sha1_base64="UCPy7+T6LfpIPCWAQc8BXJNxkRs="></latexit><latexit sha1_base64="UCPy7+T6LfpIPCWAQc8BXJNxkRs="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="CT1ZIitmcHMus7T/nedMqa3GqPU="></latexit><latexit sha1_base64="CT1ZIitmcHMus7T/nedMqa3GqPU="></latexit><latexit sha1_base64="KChYEu3dUb+Bxoeli4r8MCRqOZE="></latexit><latexit sha1_base64="UCPy7+T6LfpIPCWAQc8BXJNxkRs="></latexit><latexit sha1_base64="UCPy7+T6LfpIPCWAQc8BXJNxkRs="></latexit><latexit sha1_base64="UCPy7+T6LfpIPCWAQc8BXJNxkRs="></latexit><latexit sha1_base64="UCPy7+T6LfpIPCWAQc8BXJNxkRs="></latexit><latexit sha1_base64="UCPy7+T6LfpIPCWAQc8BXJNxkRs="></latexit><latexit sha1_base64="UCPy7+T6LfpIPCWAQc8BXJNxkRs="></latexit>

Lv := max(LV , Ls)
<latexit sha1_base64="7GLbbskzLoescBE2nQczvnHTmDA="></latexit><latexit sha1_base64="7GLbbskzLoescBE2nQczvnHTmDA="></latexit><latexit sha1_base64="7GLbbskzLoescBE2nQczvnHTmDA="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="GZ4kWwy0gFh7JH3YKnM+URZ14zI="></latexit><latexit sha1_base64="GZ4kWwy0gFh7JH3YKnM+URZ14zI="></latexit><latexit sha1_base64="skVn6/Ahb+O7v83Z8b0YZUQSIjs="></latexit><latexit sha1_base64="7GLbbskzLoescBE2nQczvnHTmDA="></latexit><latexit sha1_base64="7GLbbskzLoescBE2nQczvnHTmDA="></latexit><latexit sha1_base64="7GLbbskzLoescBE2nQczvnHTmDA="></latexit><latexit sha1_base64="7GLbbskzLoescBE2nQczvnHTmDA="></latexit><latexit sha1_base64="7GLbbskzLoescBE2nQczvnHTmDA="></latexit><latexit sha1_base64="7GLbbskzLoescBE2nQczvnHTmDA="></latexit>

� =
vmin

↵Lvn2/3
<latexit sha1_base64="Vy3Msj82T6P/cs33Q9K7YFGEz9E="></latexit><latexit sha1_base64="Vy3Msj82T6P/cs33Q9K7YFGEz9E="></latexit><latexit sha1_base64="Vy3Msj82T6P/cs33Q9K7YFGEz9E="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="Tnmq31r+fW2wl0TFyLVNNwVj628="></latexit><latexit sha1_base64="Tnmq31r+fW2wl0TFyLVNNwVj628="></latexit><latexit sha1_base64="bIJTvdO00CMqevzdkjPsd6/JYEg="></latexit><latexit sha1_base64="Vy3Msj82T6P/cs33Q9K7YFGEz9E="></latexit><latexit sha1_base64="Vy3Msj82T6P/cs33Q9K7YFGEz9E="></latexit><latexit sha1_base64="Vy3Msj82T6P/cs33Q9K7YFGEz9E="></latexit><latexit sha1_base64="Vy3Msj82T6P/cs33Q9K7YFGEz9E="></latexit><latexit sha1_base64="Vy3Msj82T6P/cs33Q9K7YFGEz9E="></latexit><latexit sha1_base64="Vy3Msj82T6P/cs33Q9K7YFGEz9E="></latexit>

↵ := max(6, 1 + 4vmin)
<latexit sha1_base64="ehUszt9k7xnv2X0JBYl4LBnVnF0="></latexit><latexit sha1_base64="ehUszt9k7xnv2X0JBYl4LBnVnF0="></latexit><latexit sha1_base64="ehUszt9k7xnv2X0JBYl4LBnVnF0="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="uwfGu/bT4ZVP7/mdq5i2hcLBFxg="></latexit><latexit sha1_base64="uwfGu/bT4ZVP7/mdq5i2hcLBFxg="></latexit><latexit sha1_base64="JhZQaacbjUeXBhcAZuwW0kZihwE="></latexit><latexit sha1_base64="ehUszt9k7xnv2X0JBYl4LBnVnF0="></latexit><latexit sha1_base64="ehUszt9k7xnv2X0JBYl4LBnVnF0="></latexit><latexit sha1_base64="ehUszt9k7xnv2X0JBYl4LBnVnF0="></latexit><latexit sha1_base64="ehUszt9k7xnv2X0JBYl4LBnVnF0="></latexit><latexit sha1_base64="ehUszt9k7xnv2X0JBYl4LBnVnF0="></latexit><latexit sha1_base64="ehUszt9k7xnv2X0JBYl4LBnVnF0="></latexit>

E
���rV

⇣
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<latexit sha1_base64="t6Bphd9iinvC7QMMLRUdriLzric="></latexit><latexit sha1_base64="t6Bphd9iinvC7QMMLRUdriLzric="></latexit><latexit sha1_base64="t6Bphd9iinvC7QMMLRUdriLzric="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="FP5G0VwkGGIq16ejaZyCv4MCl7U="></latexit><latexit sha1_base64="FP5G0VwkGGIq16ejaZyCv4MCl7U="></latexit><latexit sha1_base64="3pd5TbDbhbhEvxk49N0WUZmDiBM="></latexit><latexit sha1_base64="t6Bphd9iinvC7QMMLRUdriLzric="></latexit><latexit sha1_base64="t6Bphd9iinvC7QMMLRUdriLzric="></latexit><latexit sha1_base64="t6Bphd9iinvC7QMMLRUdriLzric="></latexit><latexit sha1_base64="t6Bphd9iinvC7QMMLRUdriLzric="></latexit><latexit sha1_base64="t6Bphd9iinvC7QMMLRUdriLzric="></latexit><latexit sha1_base64="t6Bphd9iinvC7QMMLRUdriLzric="></latexit>



Numerical Applications 
Gaussian Mixture Models (GMM)

Experiments
‣Fixed sample size: size                 and run to get  
Stepsize for sEM

Stepsize for sEM-VR and fiEM prop. to
‣  Fit a GMM model to a set of n observations


‣  Each of M components with unit variance

‣  The complete log likelihood reads:


n = 104
<latexit sha1_base64="SvjoGXe0eRGziMf+W4Pa8NNo7UY="></latexit><latexit sha1_base64="SvjoGXe0eRGziMf+W4Pa8NNo7UY="></latexit><latexit sha1_base64="SvjoGXe0eRGziMf+W4Pa8NNo7UY="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="uQBUBsbp4Ii8dv3iXXBKn8AZKhw="></latexit><latexit sha1_base64="noH8bavsMRMFo8NqpiX7Bi97Wag="></latexit><latexit sha1_base64="ZlRRANwbQlXTAQWzyjJvG+wefG4="></latexit><latexit sha1_base64="SvjoGXe0eRGziMf+W4Pa8NNo7UY="></latexit><latexit sha1_base64="SvjoGXe0eRGziMf+W4Pa8NNo7UY="></latexit><latexit sha1_base64="SvjoGXe0eRGziMf+W4Pa8NNo7UY="></latexit><latexit sha1_base64="SvjoGXe0eRGziMf+W4Pa8NNo7UY="></latexit><latexit sha1_base64="SvjoGXe0eRGziMf+W4Pa8NNo7UY="></latexit><latexit sha1_base64="SvjoGXe0eRGziMf+W4Pa8NNo7UY="></latexit>

1/n2/3
<latexit sha1_base64="tJNArcfagHkujZYKOFrnHSNdlTY="></latexit><latexit sha1_base64="tJNArcfagHkujZYKOFrnHSNdlTY="></latexit><latexit sha1_base64="tJNArcfagHkujZYKOFrnHSNdlTY="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="ewvfL00mbd+QRcQL3E4l6eYgytk="></latexit><latexit sha1_base64="cZt9P42GaLgV0UdRV5c1ojIVINY="></latexit><latexit sha1_base64="MJTSwQeky1cmF6BJaUCZo3kkVJA="></latexit><latexit sha1_base64="tJNArcfagHkujZYKOFrnHSNdlTY="></latexit><latexit sha1_base64="tJNArcfagHkujZYKOFrnHSNdlTY="></latexit><latexit sha1_base64="tJNArcfagHkujZYKOFrnHSNdlTY="></latexit><latexit sha1_base64="tJNArcfagHkujZYKOFrnHSNdlTY="></latexit><latexit sha1_base64="tJNArcfagHkujZYKOFrnHSNdlTY="></latexit><latexit sha1_base64="tJNArcfagHkujZYKOFrnHSNdlTY="></latexit>

µ⇤
<latexit sha1_base64="3x+ja3Stk/fuenzmxqPPpFYsKgw="></latexit><latexit sha1_base64="3x+ja3Stk/fuenzmxqPPpFYsKgw="></latexit><latexit sha1_base64="3x+ja3Stk/fuenzmxqPPpFYsKgw="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="FUznQ8w92xpuY265IHjAgZJpwRE="></latexit><latexit sha1_base64="v7HuMvtsDgSqlGIKXJkrBC3whY4="></latexit><latexit sha1_base64="y1+AU2kBv9pHHgTrD5CA2L6t6YQ="></latexit><latexit sha1_base64="3x+ja3Stk/fuenzmxqPPpFYsKgw="></latexit><latexit sha1_base64="3x+ja3Stk/fuenzmxqPPpFYsKgw="></latexit><latexit sha1_base64="3x+ja3Stk/fuenzmxqPPpFYsKgw="></latexit><latexit sha1_base64="3x+ja3Stk/fuenzmxqPPpFYsKgw="></latexit><latexit sha1_base64="3x+ja3Stk/fuenzmxqPPpFYsKgw="></latexit><latexit sha1_base64="3x+ja3Stk/fuenzmxqPPpFYsKgw="></latexit>

�k = 3/(k + 10)
<latexit sha1_base64="gkRL0Blh6j5yAC9AtZ6bEYgOPm0="></latexit><latexit sha1_base64="gkRL0Blh6j5yAC9AtZ6bEYgOPm0="></latexit><latexit sha1_base64="gkRL0Blh6j5yAC9AtZ6bEYgOPm0="></latexit><latexit sha1_base64="gkRL0Blh6j5yAC9AtZ6bEYgOPm0="></latexit>

log f (zi, yi;✓) =
MX

m=1

1{m} (zi)
⇥
log (!m)� µ2

m/2
⇤

+
MX

m=1

1{m} (zi)µmyi + constant
<latexit sha1_base64="DYtkivSpQDt5GAJdN23+pfLjafY="></latexit><latexit sha1_base64="DYtkivSpQDt5GAJdN23+pfLjafY="></latexit><latexit sha1_base64="DYtkivSpQDt5GAJdN23+pfLjafY="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="9Hn1sM699v4UNVJU6vzoDmvFtiU="></latexit><latexit sha1_base64="9Hn1sM699v4UNVJU6vzoDmvFtiU="></latexit><latexit sha1_base64="zAJMOLPFLXwN8ssYdRpOtoFWaQo="></latexit><latexit sha1_base64="DYtkivSpQDt5GAJdN23+pfLjafY="></latexit><latexit sha1_base64="DYtkivSpQDt5GAJdN23+pfLjafY="></latexit><latexit sha1_base64="DYtkivSpQDt5GAJdN23+pfLjafY="></latexit><latexit sha1_base64="DYtkivSpQDt5GAJdN23+pfLjafY="></latexit><latexit sha1_base64="DYtkivSpQDt5GAJdN23+pfLjafY="></latexit><latexit sha1_base64="DYtkivSpQDt5GAJdN23+pfLjafY="></latexit>

‣  Penalization used:

R(✓) =
�

2

MX

m=1

µ2
m � logDir(!;M, ✏)

<latexit sha1_base64="qQ5fn0/We0JJy1aZZlwo55ORc9E="></latexit><latexit sha1_base64="qQ5fn0/We0JJy1aZZlwo55ORc9E="></latexit><latexit sha1_base64="qQ5fn0/We0JJy1aZZlwo55ORc9E="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="O+ARI8lr85Wc9fUwilwF7/bYg8A="></latexit><latexit sha1_base64="O+ARI8lr85Wc9fUwilwF7/bYg8A="></latexit><latexit sha1_base64="2X0IXYmesvNpNl+576qtCqSsmqA="></latexit><latexit sha1_base64="qQ5fn0/We0JJy1aZZlwo55ORc9E="></latexit><latexit sha1_base64="qQ5fn0/We0JJy1aZZlwo55ORc9E="></latexit><latexit sha1_base64="qQ5fn0/We0JJy1aZZlwo55ORc9E="></latexit><latexit sha1_base64="qQ5fn0/We0JJy1aZZlwo55ORc9E="></latexit><latexit sha1_base64="qQ5fn0/We0JJy1aZZlwo55ORc9E="></latexit><latexit sha1_base64="qQ5fn0/We0JJy1aZZlwo55ORc9E="></latexit>

‣  Numerical:   GMM with M=2 and µ1 = �µ2 = 0.5
<latexit sha1_base64="VVu/kmhaq5OvIIlbLv+no6isSW4="></latexit><latexit sha1_base64="VVu/kmhaq5OvIIlbLv+no6isSW4="></latexit><latexit sha1_base64="VVu/kmhaq5OvIIlbLv+no6isSW4="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="fXeX/8RTRjnYLxlSY9WzMo1IcG0="></latexit><latexit sha1_base64="fXeX/8RTRjnYLxlSY9WzMo1IcG0="></latexit><latexit sha1_base64="AOCra1A9YKsiKkBCf8DQxEiXavY="></latexit><latexit sha1_base64="VVu/kmhaq5OvIIlbLv+no6isSW4="></latexit><latexit sha1_base64="VVu/kmhaq5OvIIlbLv+no6isSW4="></latexit><latexit sha1_base64="VVu/kmhaq5OvIIlbLv+no6isSW4="></latexit><latexit sha1_base64="VVu/kmhaq5OvIIlbLv+no6isSW4="></latexit><latexit sha1_base64="VVu/kmhaq5OvIIlbLv+no6isSW4="></latexit><latexit sha1_base64="VVu/kmhaq5OvIIlbLv+no6isSW4="></latexit>

! = {!m}M�1
m=1

<latexit sha1_base64="GIYVyf2qhHhVkxiLU446dpPz0IM="></latexit><latexit sha1_base64="GIYVyf2qhHhVkxiLU446dpPz0IM="></latexit><latexit sha1_base64="GIYVyf2qhHhVkxiLU446dpPz0IM="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="hSREM7O67WXsxVlNDZDCpLi4qXY="></latexit><latexit sha1_base64="hSREM7O67WXsxVlNDZDCpLi4qXY="></latexit><latexit sha1_base64="2gYY5DYBjJE+Bvaj1B7JyQresz0="></latexit><latexit sha1_base64="GIYVyf2qhHhVkxiLU446dpPz0IM="></latexit><latexit sha1_base64="GIYVyf2qhHhVkxiLU446dpPz0IM="></latexit><latexit sha1_base64="GIYVyf2qhHhVkxiLU446dpPz0IM="></latexit><latexit sha1_base64="GIYVyf2qhHhVkxiLU446dpPz0IM="></latexit><latexit sha1_base64="GIYVyf2qhHhVkxiLU446dpPz0IM="></latexit><latexit sha1_base64="GIYVyf2qhHhVkxiLU446dpPz0IM="></latexit>

✓ := (!, µ)
<latexit sha1_base64="ZvEbBUG5iTuCdcp5+YoXcYB5DvM="></latexit><latexit sha1_base64="ZvEbBUG5iTuCdcp5+YoXcYB5DvM="></latexit><latexit sha1_base64="ZvEbBUG5iTuCdcp5+YoXcYB5DvM="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="q1/bTWDoqmxTWqsKUEBsDlkg+kc="></latexit><latexit sha1_base64="q1/bTWDoqmxTWqsKUEBsDlkg+kc="></latexit><latexit sha1_base64="5uURmlH9Fqj/0JSMVTKZni6kgxQ="></latexit><latexit sha1_base64="ZvEbBUG5iTuCdcp5+YoXcYB5DvM="></latexit><latexit sha1_base64="ZvEbBUG5iTuCdcp5+YoXcYB5DvM="></latexit><latexit sha1_base64="ZvEbBUG5iTuCdcp5+YoXcYB5DvM="></latexit><latexit sha1_base64="ZvEbBUG5iTuCdcp5+YoXcYB5DvM="></latexit><latexit sha1_base64="ZvEbBUG5iTuCdcp5+YoXcYB5DvM="></latexit><latexit sha1_base64="ZvEbBUG5iTuCdcp5+YoXcYB5DvM="></latexit>

µ = {µm}Mm=1
<latexit sha1_base64="xvxdZPCPtRyU4Ygabfa04Yx11tA="></latexit><latexit sha1_base64="xvxdZPCPtRyU4Ygabfa04Yx11tA="></latexit><latexit sha1_base64="xvxdZPCPtRyU4Ygabfa04Yx11tA="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="kGSQDXHZqnHy97LfNBd6IzCxbqY="></latexit><latexit sha1_base64="kGSQDXHZqnHy97LfNBd6IzCxbqY="></latexit><latexit sha1_base64="QtvjT1ju296CBdtopvE2hXJEWdQ="></latexit><latexit sha1_base64="xvxdZPCPtRyU4Ygabfa04Yx11tA="></latexit><latexit sha1_base64="xvxdZPCPtRyU4Ygabfa04Yx11tA="></latexit><latexit sha1_base64="xvxdZPCPtRyU4Ygabfa04Yx11tA="></latexit><latexit sha1_base64="xvxdZPCPtRyU4Ygabfa04Yx11tA="></latexit><latexit sha1_base64="xvxdZPCPtRyU4Ygabfa04Yx11tA="></latexit><latexit sha1_base64="xvxdZPCPtRyU4Ygabfa04Yx11tA="></latexit>



Numerical Applications 
Gaussian Mixture Models (GMM)

Experiments
‣Fixed sample size: size                 and run to get  
Stepsize for sEM

Stepsize for sEM-VR and fiEM prop. to


‣Varying sample size: nb. Iterations required to 
reach a precision of          from                to 

‣  Fit a GMM model to a set of n observations

‣  Each of M components with unit variance

‣  The complete log likelihood reads:


n = 105
<latexit sha1_base64="t4qoFWanZJPWi0smDs+9hTnydnY="></latexit><latexit sha1_base64="t4qoFWanZJPWi0smDs+9hTnydnY="></latexit><latexit sha1_base64="t4qoFWanZJPWi0smDs+9hTnydnY="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="zcnAn0dHP7Suq4110b2/hb7x1KU="></latexit><latexit sha1_base64="qBWlJWSc0jsWPmEhDpEP3rcmX6I="></latexit><latexit sha1_base64="GSy7fHhh6CMQWsUb5k4fzbeYAMM="></latexit><latexit sha1_base64="t4qoFWanZJPWi0smDs+9hTnydnY="></latexit><latexit sha1_base64="t4qoFWanZJPWi0smDs+9hTnydnY="></latexit><latexit sha1_base64="t4qoFWanZJPWi0smDs+9hTnydnY="></latexit><latexit sha1_base64="t4qoFWanZJPWi0smDs+9hTnydnY="></latexit><latexit sha1_base64="t4qoFWanZJPWi0smDs+9hTnydnY="></latexit><latexit sha1_base64="t4qoFWanZJPWi0smDs+9hTnydnY="></latexit>

n = 103
<latexit sha1_base64="wwzzark35J4bjpAOCuTtF8kCI6c="></latexit><latexit sha1_base64="wwzzark35J4bjpAOCuTtF8kCI6c="></latexit><latexit sha1_base64="wwzzark35J4bjpAOCuTtF8kCI6c="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="d6xGoUbSHXQQeH3QT+Z9o+Vv3hQ="></latexit><latexit sha1_base64="Qy4tVaZhntE9TNytll+7Ir5Tdz4="></latexit><latexit sha1_base64="WY5sjOFSfXu5Qj0porObZV9P0a0="></latexit><latexit sha1_base64="wwzzark35J4bjpAOCuTtF8kCI6c="></latexit><latexit sha1_base64="wwzzark35J4bjpAOCuTtF8kCI6c="></latexit><latexit sha1_base64="wwzzark35J4bjpAOCuTtF8kCI6c="></latexit><latexit sha1_base64="wwzzark35J4bjpAOCuTtF8kCI6c="></latexit><latexit sha1_base64="wwzzark35J4bjpAOCuTtF8kCI6c="></latexit><latexit sha1_base64="wwzzark35J4bjpAOCuTtF8kCI6c="></latexit>

10�3
<latexit sha1_base64="Um/TFsObbyx0/R7VNJt5KyPhvts="></latexit><latexit sha1_base64="Um/TFsObbyx0/R7VNJt5KyPhvts="></latexit><latexit sha1_base64="Um/TFsObbyx0/R7VNJt5KyPhvts="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="ykWO7dqz67v/6KYab1bT7DmJjmY="></latexit><latexit sha1_base64="vMj8SnvE3SRaQ2RkuWeaIsYnLS0="></latexit><latexit sha1_base64="BnX0NcV0upXUTGZx9eCX0HntLMo="></latexit><latexit sha1_base64="Um/TFsObbyx0/R7VNJt5KyPhvts="></latexit><latexit sha1_base64="Um/TFsObbyx0/R7VNJt5KyPhvts="></latexit><latexit sha1_base64="Um/TFsObbyx0/R7VNJt5KyPhvts="></latexit><latexit sha1_base64="Um/TFsObbyx0/R7VNJt5KyPhvts="></latexit><latexit sha1_base64="Um/TFsObbyx0/R7VNJt5KyPhvts="></latexit><latexit sha1_base64="Um/TFsObbyx0/R7VNJt5KyPhvts="></latexit>

n = 104
<latexit sha1_base64="SvjoGXe0eRGziMf+W4Pa8NNo7UY="></latexit><latexit sha1_base64="SvjoGXe0eRGziMf+W4Pa8NNo7UY="></latexit><latexit sha1_base64="SvjoGXe0eRGziMf+W4Pa8NNo7UY="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="uQBUBsbp4Ii8dv3iXXBKn8AZKhw="></latexit><latexit sha1_base64="noH8bavsMRMFo8NqpiX7Bi97Wag="></latexit><latexit sha1_base64="ZlRRANwbQlXTAQWzyjJvG+wefG4="></latexit><latexit sha1_base64="SvjoGXe0eRGziMf+W4Pa8NNo7UY="></latexit><latexit sha1_base64="SvjoGXe0eRGziMf+W4Pa8NNo7UY="></latexit><latexit sha1_base64="SvjoGXe0eRGziMf+W4Pa8NNo7UY="></latexit><latexit sha1_base64="SvjoGXe0eRGziMf+W4Pa8NNo7UY="></latexit><latexit sha1_base64="SvjoGXe0eRGziMf+W4Pa8NNo7UY="></latexit><latexit sha1_base64="SvjoGXe0eRGziMf+W4Pa8NNo7UY="></latexit>

1/n2/3
<latexit sha1_base64="tJNArcfagHkujZYKOFrnHSNdlTY="></latexit><latexit sha1_base64="tJNArcfagHkujZYKOFrnHSNdlTY="></latexit><latexit sha1_base64="tJNArcfagHkujZYKOFrnHSNdlTY="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="ewvfL00mbd+QRcQL3E4l6eYgytk="></latexit><latexit sha1_base64="cZt9P42GaLgV0UdRV5c1ojIVINY="></latexit><latexit sha1_base64="MJTSwQeky1cmF6BJaUCZo3kkVJA="></latexit><latexit sha1_base64="tJNArcfagHkujZYKOFrnHSNdlTY="></latexit><latexit sha1_base64="tJNArcfagHkujZYKOFrnHSNdlTY="></latexit><latexit sha1_base64="tJNArcfagHkujZYKOFrnHSNdlTY="></latexit><latexit sha1_base64="tJNArcfagHkujZYKOFrnHSNdlTY="></latexit><latexit sha1_base64="tJNArcfagHkujZYKOFrnHSNdlTY="></latexit><latexit sha1_base64="tJNArcfagHkujZYKOFrnHSNdlTY="></latexit>

µ⇤
<latexit sha1_base64="3x+ja3Stk/fuenzmxqPPpFYsKgw="></latexit><latexit sha1_base64="3x+ja3Stk/fuenzmxqPPpFYsKgw="></latexit><latexit sha1_base64="3x+ja3Stk/fuenzmxqPPpFYsKgw="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="FUznQ8w92xpuY265IHjAgZJpwRE="></latexit><latexit sha1_base64="v7HuMvtsDgSqlGIKXJkrBC3whY4="></latexit><latexit sha1_base64="y1+AU2kBv9pHHgTrD5CA2L6t6YQ="></latexit><latexit sha1_base64="3x+ja3Stk/fuenzmxqPPpFYsKgw="></latexit><latexit sha1_base64="3x+ja3Stk/fuenzmxqPPpFYsKgw="></latexit><latexit sha1_base64="3x+ja3Stk/fuenzmxqPPpFYsKgw="></latexit><latexit sha1_base64="3x+ja3Stk/fuenzmxqPPpFYsKgw="></latexit><latexit sha1_base64="3x+ja3Stk/fuenzmxqPPpFYsKgw="></latexit><latexit sha1_base64="3x+ja3Stk/fuenzmxqPPpFYsKgw="></latexit>

�k = 3/(k + 10)
<latexit sha1_base64="gkRL0Blh6j5yAC9AtZ6bEYgOPm0="></latexit><latexit sha1_base64="gkRL0Blh6j5yAC9AtZ6bEYgOPm0="></latexit><latexit sha1_base64="gkRL0Blh6j5yAC9AtZ6bEYgOPm0="></latexit><latexit sha1_base64="gkRL0Blh6j5yAC9AtZ6bEYgOPm0="></latexit>

log f (zi, yi;✓) =
MX

m=1

1{m} (zi)
⇥
log (!m)� µ2

m/2
⇤

+
MX

m=1

1{m} (zi)µmyi + constant
<latexit sha1_base64="DYtkivSpQDt5GAJdN23+pfLjafY="></latexit><latexit sha1_base64="DYtkivSpQDt5GAJdN23+pfLjafY="></latexit><latexit sha1_base64="DYtkivSpQDt5GAJdN23+pfLjafY="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="9Hn1sM699v4UNVJU6vzoDmvFtiU="></latexit><latexit sha1_base64="9Hn1sM699v4UNVJU6vzoDmvFtiU="></latexit><latexit sha1_base64="zAJMOLPFLXwN8ssYdRpOtoFWaQo="></latexit><latexit sha1_base64="DYtkivSpQDt5GAJdN23+pfLjafY="></latexit><latexit sha1_base64="DYtkivSpQDt5GAJdN23+pfLjafY="></latexit><latexit sha1_base64="DYtkivSpQDt5GAJdN23+pfLjafY="></latexit><latexit sha1_base64="DYtkivSpQDt5GAJdN23+pfLjafY="></latexit><latexit sha1_base64="DYtkivSpQDt5GAJdN23+pfLjafY="></latexit><latexit sha1_base64="DYtkivSpQDt5GAJdN23+pfLjafY="></latexit>

‣  Penalization used:

R(✓) =
�

2

MX

m=1

µ2
m � logDir(!;M, ✏)

<latexit sha1_base64="qQ5fn0/We0JJy1aZZlwo55ORc9E="></latexit><latexit sha1_base64="qQ5fn0/We0JJy1aZZlwo55ORc9E="></latexit><latexit sha1_base64="qQ5fn0/We0JJy1aZZlwo55ORc9E="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="O+ARI8lr85Wc9fUwilwF7/bYg8A="></latexit><latexit sha1_base64="O+ARI8lr85Wc9fUwilwF7/bYg8A="></latexit><latexit sha1_base64="2X0IXYmesvNpNl+576qtCqSsmqA="></latexit><latexit sha1_base64="qQ5fn0/We0JJy1aZZlwo55ORc9E="></latexit><latexit sha1_base64="qQ5fn0/We0JJy1aZZlwo55ORc9E="></latexit><latexit sha1_base64="qQ5fn0/We0JJy1aZZlwo55ORc9E="></latexit><latexit sha1_base64="qQ5fn0/We0JJy1aZZlwo55ORc9E="></latexit><latexit sha1_base64="qQ5fn0/We0JJy1aZZlwo55ORc9E="></latexit><latexit sha1_base64="qQ5fn0/We0JJy1aZZlwo55ORc9E="></latexit>

‣  Numerical:   GMM with M=2 and µ1 = �µ2 = 0.5
<latexit sha1_base64="VVu/kmhaq5OvIIlbLv+no6isSW4="></latexit><latexit sha1_base64="VVu/kmhaq5OvIIlbLv+no6isSW4="></latexit><latexit sha1_base64="VVu/kmhaq5OvIIlbLv+no6isSW4="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="fXeX/8RTRjnYLxlSY9WzMo1IcG0="></latexit><latexit sha1_base64="fXeX/8RTRjnYLxlSY9WzMo1IcG0="></latexit><latexit sha1_base64="AOCra1A9YKsiKkBCf8DQxEiXavY="></latexit><latexit sha1_base64="VVu/kmhaq5OvIIlbLv+no6isSW4="></latexit><latexit sha1_base64="VVu/kmhaq5OvIIlbLv+no6isSW4="></latexit><latexit sha1_base64="VVu/kmhaq5OvIIlbLv+no6isSW4="></latexit><latexit sha1_base64="VVu/kmhaq5OvIIlbLv+no6isSW4="></latexit><latexit sha1_base64="VVu/kmhaq5OvIIlbLv+no6isSW4="></latexit><latexit sha1_base64="VVu/kmhaq5OvIIlbLv+no6isSW4="></latexit>

! = {!m}M�1
m=1

<latexit sha1_base64="GIYVyf2qhHhVkxiLU446dpPz0IM="></latexit><latexit sha1_base64="GIYVyf2qhHhVkxiLU446dpPz0IM="></latexit><latexit sha1_base64="GIYVyf2qhHhVkxiLU446dpPz0IM="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="hSREM7O67WXsxVlNDZDCpLi4qXY="></latexit><latexit sha1_base64="hSREM7O67WXsxVlNDZDCpLi4qXY="></latexit><latexit sha1_base64="2gYY5DYBjJE+Bvaj1B7JyQresz0="></latexit><latexit sha1_base64="GIYVyf2qhHhVkxiLU446dpPz0IM="></latexit><latexit sha1_base64="GIYVyf2qhHhVkxiLU446dpPz0IM="></latexit><latexit sha1_base64="GIYVyf2qhHhVkxiLU446dpPz0IM="></latexit><latexit sha1_base64="GIYVyf2qhHhVkxiLU446dpPz0IM="></latexit><latexit sha1_base64="GIYVyf2qhHhVkxiLU446dpPz0IM="></latexit><latexit sha1_base64="GIYVyf2qhHhVkxiLU446dpPz0IM="></latexit>

✓ := (!, µ)
<latexit sha1_base64="ZvEbBUG5iTuCdcp5+YoXcYB5DvM="></latexit><latexit sha1_base64="ZvEbBUG5iTuCdcp5+YoXcYB5DvM="></latexit><latexit sha1_base64="ZvEbBUG5iTuCdcp5+YoXcYB5DvM="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="q1/bTWDoqmxTWqsKUEBsDlkg+kc="></latexit><latexit sha1_base64="q1/bTWDoqmxTWqsKUEBsDlkg+kc="></latexit><latexit sha1_base64="5uURmlH9Fqj/0JSMVTKZni6kgxQ="></latexit><latexit sha1_base64="ZvEbBUG5iTuCdcp5+YoXcYB5DvM="></latexit><latexit sha1_base64="ZvEbBUG5iTuCdcp5+YoXcYB5DvM="></latexit><latexit sha1_base64="ZvEbBUG5iTuCdcp5+YoXcYB5DvM="></latexit><latexit sha1_base64="ZvEbBUG5iTuCdcp5+YoXcYB5DvM="></latexit><latexit sha1_base64="ZvEbBUG5iTuCdcp5+YoXcYB5DvM="></latexit><latexit sha1_base64="ZvEbBUG5iTuCdcp5+YoXcYB5DvM="></latexit>

µ = {µm}Mm=1
<latexit sha1_base64="xvxdZPCPtRyU4Ygabfa04Yx11tA="></latexit><latexit sha1_base64="xvxdZPCPtRyU4Ygabfa04Yx11tA="></latexit><latexit sha1_base64="xvxdZPCPtRyU4Ygabfa04Yx11tA="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="kGSQDXHZqnHy97LfNBd6IzCxbqY="></latexit><latexit sha1_base64="kGSQDXHZqnHy97LfNBd6IzCxbqY="></latexit><latexit sha1_base64="QtvjT1ju296CBdtopvE2hXJEWdQ="></latexit><latexit sha1_base64="xvxdZPCPtRyU4Ygabfa04Yx11tA="></latexit><latexit sha1_base64="xvxdZPCPtRyU4Ygabfa04Yx11tA="></latexit><latexit sha1_base64="xvxdZPCPtRyU4Ygabfa04Yx11tA="></latexit><latexit sha1_base64="xvxdZPCPtRyU4Ygabfa04Yx11tA="></latexit><latexit sha1_base64="xvxdZPCPtRyU4Ygabfa04Yx11tA="></latexit><latexit sha1_base64="xvxdZPCPtRyU4Ygabfa04Yx11tA="></latexit>



Numerical Applications 
Probabilistic Latent Semantic Analysis

‣  Penalization used:

‣  Consider D documents with terms from a 
vocabulary of size V. 


‣  Data is summarized by a list of tokens             


‣  The goal of pLSA is to classify the documents into K 
topics which is modeled as a latent variable                       
associated with each token
 zi 2 [1,K]

<latexit sha1_base64="JLUkFJjr9XxSnP5+T0IhiDktzgg="></latexit><latexit sha1_base64="JLUkFJjr9XxSnP5+T0IhiDktzgg="></latexit><latexit sha1_base64="JLUkFJjr9XxSnP5+T0IhiDktzgg="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="2sZYt7VGBzero6KtttUfaYoIsUk="></latexit><latexit sha1_base64="2sZYt7VGBzero6KtttUfaYoIsUk="></latexit><latexit sha1_base64="zY5g5chgvc/nYc/6zTVCEPD/T0U="></latexit><latexit sha1_base64="JLUkFJjr9XxSnP5+T0IhiDktzgg="></latexit><latexit sha1_base64="JLUkFJjr9XxSnP5+T0IhiDktzgg="></latexit><latexit sha1_base64="JLUkFJjr9XxSnP5+T0IhiDktzgg="></latexit><latexit sha1_base64="JLUkFJjr9XxSnP5+T0IhiDktzgg="></latexit><latexit sha1_base64="JLUkFJjr9XxSnP5+T0IhiDktzgg="></latexit><latexit sha1_base64="JLUkFJjr9XxSnP5+T0IhiDktzgg="></latexit>

yi =
⇣
y(d)i , y(w)

i

⌘

<latexit sha1_base64="7TP+Lan9uaf7b47MbsJLtxdNeKs="></latexit><latexit sha1_base64="7TP+Lan9uaf7b47MbsJLtxdNeKs="></latexit><latexit sha1_base64="7TP+Lan9uaf7b47MbsJLtxdNeKs="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="0RR/znSmtmJjtDoonnIaYpYVAVI="></latexit><latexit sha1_base64="0RR/znSmtmJjtDoonnIaYpYVAVI="></latexit><latexit sha1_base64="6fA2hRTdkpdEEd3l92SH38uUOYc="></latexit><latexit sha1_base64="7TP+Lan9uaf7b47MbsJLtxdNeKs="></latexit><latexit sha1_base64="7TP+Lan9uaf7b47MbsJLtxdNeKs="></latexit><latexit sha1_base64="7TP+Lan9uaf7b47MbsJLtxdNeKs="></latexit><latexit sha1_base64="7TP+Lan9uaf7b47MbsJLtxdNeKs="></latexit><latexit sha1_base64="7TP+Lan9uaf7b47MbsJLtxdNeKs="></latexit><latexit sha1_base64="7TP+Lan9uaf7b47MbsJLtxdNeKs="></latexit>

{yi}ni=1
<latexit sha1_base64="ebosqwVB3EO4JGh9QU/ZnU5UwTM="></latexit><latexit sha1_base64="ebosqwVB3EO4JGh9QU/ZnU5UwTM="></latexit><latexit sha1_base64="ebosqwVB3EO4JGh9QU/ZnU5UwTM="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="SHXnLFD55xFMVbirJZp3XjkuOis="></latexit><latexit sha1_base64="SHXnLFD55xFMVbirJZp3XjkuOis="></latexit><latexit sha1_base64="dhUctGJ4o8YrzpmgNCbfYesen2M="></latexit><latexit sha1_base64="ebosqwVB3EO4JGh9QU/ZnU5UwTM="></latexit><latexit sha1_base64="ebosqwVB3EO4JGh9QU/ZnU5UwTM="></latexit><latexit sha1_base64="ebosqwVB3EO4JGh9QU/ZnU5UwTM="></latexit><latexit sha1_base64="ebosqwVB3EO4JGh9QU/ZnU5UwTM="></latexit><latexit sha1_base64="ebosqwVB3EO4JGh9QU/ZnU5UwTM="></latexit><latexit sha1_base64="ebosqwVB3EO4JGh9QU/ZnU5UwTM="></latexit>

Experiments



Conclusion



Take-Aways
‣ We studied the global convergence of stochastic EM Methods

‣ Globally (independent of initialization)

‣ Non-asymptotic results


‣ We used a Majorization-Minimization scheme to analyze the incremental EM method


‣ We interpreted the variance-reduced and the fast incremental method using a scaled gradient 
scheme to find a stationary point of a well defined Lyapunov function




Thank You !


